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and a conclusion, 3) reprint of all the papers. Some of the papers contain more than one page 
number and the one in the middle refers to this thesis. Before each paper a joint author 
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2 Abstracts 
2.1 English abstract 
 
Single Point Incremental Forming (SPIF) is a sheet forming process with a simple setup. The 
forming tool is a rod with a spherical end and the sheet is mounted in a rig which allows 
forming of the sheet into the cavity of the rig. SPIF is dieless forming since no dedicated dies 
are being used.  
 
The process is incremental forming since plastic deformation takes place in a small local zone 
underneath the forming tool, i.e. the sheet is formed as a summation of the movement of the 
local plastic zone. The process is slow and therefore only suited for prototypes or small batch 
production. On the other hand it allows high strain compared to normal sheet forming 
processes, cheap tooling and a short product lead time. 
 
The work in this project can be divided into the following topics all containing novel 
contributions to the science of SPIF: 
 
Tool path generation in SPIF. A program has been developed which transforms a profile tool 
path into a helical tool path. This is an advantage since using a profile tool path results in 
scaring of the finished part and peaks in vertical forming force. The use of a helical tool path 
eliminates these problems. 
 
SPIF using a dummy sheet. This is a new variant of SPIF which has been invented in this 
project. Two sheets are formed at the same time instead of one. The top sheet is just a dummy 
and protects the bottom sheet from the sliding of the forming tool. The use of a dummy sheet 
setup eliminates wear, increases surface roughness, improves visual appearance and only 
causes a small reduction in formability. This setup also allows forming of soft aluminium 
sheets without damage to the sheet surface.  
 
Theory of SPIF and prediction of formability. Using membrane equilibrium equations a set of 
formulas have been developed for calculating principal stresses in the plastic zone. Using 
these it is demonstrated that the growth rate of accumulated damage in SPIF is small 
compared to conventional sheet forming processes. This combined with an explanation why 
necking is suppressed is a new theory stating that SPIF is limited by fracture and not necking. 
The theory explains a lot of experimental observation seen in the literature.   
 
SPIF of tailored blanks produced by friction stir welding. It is demonstrated that SPIF of 
tailored sheets produced by friction stir welding is possible and a promising way of 
combining two innovative manufacturing processes.  
 
Multi stage SPIF. A multi stage strategy is presented which allows forming of a cup with 
vertical sides in about half of the depth. It is demonstrated that this results in strain paths 
which are far from straight, but strains are still limited by a straight fracture line in the 
principal strain space. The multi stage process has been simulated and good correlation is 
found between simulated and experimental results. 
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2.2 Danish abstract 
 
Single Point Incremental Forming (SPIF) er en pladeformgivningsproces med en simpel 
opsætning. Formgivningsværktøjet er en stang med en kugleformet ende og pladen er 
monteret i en holder som muliggør formgivning af pladen ned i holderens hulrum. SPIF er 
formfri formgivning, da der ikke bruges dedikerede forme til processen. 
 
Processen er incremental, da den plastiske formgivning kun finder sted i et lille område under 
formgivningsværktøjet, dvs. pladen formgives som en summation af bevægelsen af det lokale 
plastiske område. Proccessen er langsom og derfor kun egnet til prototyper eller 
småserieproduktion. På den anden side tillader den store tøjninger sammenlignet med 
traditionel pladeformgivning, billige værktøjer og kort tid fra ide til produkt (product lead 
time). 
 
Arbejdet i dette projekt kan inddeles i følgende emner, som alle indeholder nye bidrag til 
videnskaben indenfor SPIF: 
 
Generering af værktøjsbaner til SPIF. Et program er udviklet, som transformerer en profile 
værktøjsbane til en helical værktøjsbane. Dette er en fordel, da brug af profile baner resulterer 
i et ar på den færdige del og spidsbelastninger i den lodrette proceskraft. Brugen af en helical 
bane fjerner disse problemer. 
 
SPIF med brug af en dummy plade. Dette er en ny variant af SPIF, som er blevet opfundet i 
dette projekt. To plader formgives på samme tid istedet for en. Den øverste plade er bare en 
dummy og den beskytter den nederste plade mod gnidning fra formgivningsværktøj. Brugen 
af en dummy plader fjerner slid, øger overfladeruheden, forbedrer udseendet og sænker kun 
formbarheden en smule. En dummy plade muliggør også formgivning af bløde 
aluminiumsplader uden at overfladen på disse ødelægges. 
 
SPIF teori og forudsigelse af formbarhed. Med brug af membranligevægtsligninger er der 
opstillet en række formler til udregning af hovedspændingerne den plastiske zone. Med brug 
af disse formler er det vist at vækstraten af akkumuleret damage i SPIF er lille i forhold til 
traditionel pladeformgivning. Dette, kombineret med en forklaring på hvorfor dannelse af 
indsnøringer er hæmmet, er samlet en teori, som siger at SPIF udelukkende er begrænset af 
brud og ikke indsnøring. Teorien forklarer mange af de eksperimentielle observationer i 
litteraturen. 
 
SPIF af skræddersyet plader fremstillet med friction stir welding. Det er vist, at det er muligt 
at formgive skræddersyet plader fremstillet med friction stir welding ved brug af SPIF. Dette 
er en lovende kombination af to innovative fremstillingsprocesser. 
 
Flertrins SPIF. En flertrins strategi er præsenteret, som muliggør formgivning af en kop med 
lodrette sider i ca. halvdelen af koppens dybde. Det er vist, at dette resulterer i en tøjningsvej 
som langt fra er lige, men tøjninger er stadig begrænset af en ret linie i hovedtøjningsrummet. 
Flertrins processen er nummerisk simuleret, og der er god overensstemmelse mellem 
simuleringer og eksperimenter. 
 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
8 
 
 
 
  
3 Nomenclature 
 
The nomenclature list below is only for the first two parts of thesis since the last part consists 
of papers which have different nomenclatures. 
 
Symbol Typical 
unit 
Explanation 
Stresses   
σ  MPa True stress 
σ  MPa Equivalent stress  
321 σσσ >>  MPa Principal stresses 
mσ  MPa Hydrostatic stress / average principal stress  
yieldσ  MPa Yield stress / flow stress 
   
xσ  MPa Stress in the direction of x 
yσ  MPa Stress in the direction of y (yield stress in Table 3) 
x   Ratio between stresses in the direction y and x 
   
tσ  MPa Stress in thickness direction 
θσ  MPa Stress in circumferential direction 
φσ  MPa Stress in meridional direction 
   
Strains   
ε   Logarithmic strain / true strain 
ε   Equivalent strain / effective strain 
321 εεε >>   Principal strains 
   
tε   Strain in thickness direction 
θε   Strain in circumferential direction 
φε   Strain in meridional direction 
   
diffuseε   Equivalent strain at diffuse necking / diffuse instability 
diffusex,ε   Strain in the direction of x at diffuse necking 
diffusey ,ε   Strain in the direction of y at diffuse necking 
   
localε   Equivalent strain at local necking / local instability 
localx,ε   Strain in the direction of x at local necking 
localy ,ε   Strain in the direction of y at local necking 
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q   Value where a straight line crosses the 1ε axis in the principal 
strain space / minus value of constant thickness strain for a 
straight line in the principal strain space with slope -1 
   
Geometry   
t  mm Sheet thickness 
0t  mm Initial sheet thickness 
ft  mm Final sheet thickness / thickness after completion of forming 
   
0l  mm Initial length 
fl  mm Final length 
   ψ  degrees Drawing angle / angle between formed side and flat 
configuration (90° is vertical) 
λ  degrees Angle between formed side and vertical ( ψλ −= o90 ) 
φ  degrees Angle between direction of local instability and tensile stress 
toolr  mm Radius of forming tool 
ZΔ  mm Vertical distance between tool path contours 
sL  mm Characteristic length of a shell element in FE simulation 
   
Material   
E  MPa Elasticity modulus / youngs modulus  ρ  ton/mm3 Mass density 
υ   Poissons ratio 
n   Strain hardening exponent in Hollomons expression 
C  MPa Strength coefficient in Hollomons expression 
R   Normal anisotropi 
cD   Critical damage value 
   
Time related   
c  mm/s Speed of sound  
tΔ  s Time step in FE simulation 
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4 SPIF – Single Point Incremental Forming 
4.1 Basics 
SPIF is a sheet forming process and the setup is very simple. The forming tool is a rod with a 
spherical end. The sheet is mounted in a rig which allows forming of the sheet into the cavity 
of the rig. Beneath the sheet a backing plate can be used to get a clear definition of the 
transition between the flange part and the formed part, Fig. 1 and Fig. 2. SPIF is also called a 
dieless forming process since all information about the geometry comes from the path of the 
forming tool. In other words no dedicated dies are being used. Typical values for the main 
parameters in SPIF can be seen in Table 1.  
 
 
Fig. 1 Schematic presentation of SPIF 
 
 
Fig. 2 Basic configuration of SPIF: rig, backing plate, sheet and forming tool 
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Forming tool radius toolr   5 – 15 mm 
Initial sheet thickness 
0t  0.5 – 3 mm 
Vertical step size ZΔ  0.1 – 2 mm 
Maximum drawing angle maxψ  60-80° 
Sheet material  Steel or aluminum 
Forming speed  500 – 2000 mm/min 
Forming time  30 – 60 min 
Geometrical tolerances  ± 0.5 - 2 mm 
Equivalent strain values ε  0 - 2.5 
Process forces:  300 – 1000 N vertical 
  100 – 500 N horizontal 
Relations:  toolr / 0t ~ 5 – 20  
  Depth of part  >>  toolr  
  Radius of part >> toolr  
Table 1 Typical values in one stage SPIF  
 
The influence of the main parameters on formability has been investigated by a lot of 
researchers. Conclusions are not consistent, except regarding the influence of tool size. 
However, the results lean towards the following relations: increasing sheet thickness, 
decreasing tool size and decreasing vertical step size all tend to increase formability. A 
possible explanation why results seem to vary is that the parameter ranges investigated are 
different. Also the possible presence of interactions between parameters will cause confusion 
if this is not included in the analysis. Only large variations of friction influence formability, 
i.e. when comparing forming with and without lubricant. Table 2 gives a short overview of 
the influence of various parameters on formality in SPIF as reported in literature. 
 
↑ 0t  (intial thickness)   →    ↑ maxψ [1,2] /↓ maxψ [3]
↓ toolr  (tool radius) → ↑ maxψ [1,3,4] 
↓ ZΔ  (vertical step size) → ↑ maxψ [3,5] / None[1] 
↓ forming speed → ↑ maxψ [1] 
↑ tool rotational speed → ↑ maxψ [1] 
↓ friction →  ↑ maxψ [6] 
Table 2 Influence on maximum drawing angle from process parameters 
4.2 History 
The history of SPIF begins in 1967 when Leszak obtained the patent: Apparatus and Process 
for Incremental Dieless Forming [7]. The idea was ahead of its time and the research did not 
start until the 1990s where research was primarily carried out on rotational symmetric 
geometries which could be formed on a turning machine. Most of the research toke place in 
Japan and some of the leading persons in the research were: Kitazawa [8], Iseki [9] and 
Matsubara [10].  
 
In 2001 the use of an ordinary 3-axis CNC milling  machine for SPIF of non rotational 
symmetrical components was introduced [11,12]. Before that only dedicated CNC machines 
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were being used for SPIF. This was the starting point for research outside of Japan. Some of 
the most active researchers since then have been Jeswiet [12], Hirt [13], Micari [5], Duflou 
[14] and Allwood [15]. 
 
SPIF is just one out of a group of processes called Incremental Sheet Forming (ISF). The 
different processes have a lot of similarities and the literature is often a mix of different 
variations. SPIF is the truly dieless version without any support under the sheet. Two point 
incremental forming (TPIF) has a partial or a full die.  
 
4.3 Strains 
Plotting measured strains in SPIF of different geometries in the principal strain space reveals 
that most strain values are in the stretching region, although exceptions do exist [16]. It is 
furthermore clear that the majority of measured strain values are close to plane strain [17]. A 
typical exception to this is sharp corners where the corner radius is limited by the radius of the 
forming tool. 
 
Measuring the limiting strains for SPIF a number of researchers have independently found 
that the strains seem to be limited by a straight line having a slope around -1 in the principal 
strain space [9,11,17], Fig. 3. Intuition supports this since a line with the slope of -1 is the line 
of constant thickness strain. In other words defining the limit strains by this line is the same as 
stating that the thickness of the sheet can only be reduced until a certain value as seen in (1) to 
(4). 
 
 q+−= 21 εε  (1)  
 q=+ 21 εε  (2)  
 qt −== εε3  (3)  
 
qf e
tt 0=   (4) 
 
 
1
1
1ε
q
2ε  
Fig. 3 Line with a slope of -1 in the principal strain space 
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4.4 The sine-law 
The sine-law is a geometrical consequence of plane strain deformation and volume constancy. 
It was initially stated for shear spinning, but proved also to be valid in most cases of SPIF 
[18]. It relates initial thickness 0t  with thickness after forming ft , Fig. 4 and (5) to (9). 
 
l0
lf
t0
tf
ψ
 
Fig. 4 Illustration of the sine-law 
 
 
ψcos
0ll f =  
 
(5) 
 
 
⎟⎟⎠
⎞⎜⎜⎝
⎛=⎟⎟⎠
⎞
⎜⎜⎝
⎛= ψεφ cos
1lnln
0l
l f  
 
(6) 
 
  
φεε −=t  
 
(7) 
 
 
⎟⎟⎠
⎞⎜⎜⎝
⎛−=⎟⎟⎠
⎞
⎜⎜⎝
⎛= ψε cos
1lnln
0t
t f
t  
 
(8) 
 
  
)90sin(cos 00 ψψ −⋅=⋅= of ttt  
 
(9) 
 
 
 
The sine-law explains why high drawing angles approaching 90° can never be realized with 
one stage SPIF which is normally close to plane strain for the majority of the part. As ψ  
approaches 90° the strains goes towards infinity. 
 
Assuming that φε  can be calculated as above and also assuming equal biaxial stretching, a 
similar law can be calculated for the case of equal biaxial stretching, (10) to (13).  
 
 θφ εε =  (10)  
 φεε ⋅−= 2t  (11)  
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⎟⎟⎠
⎞⎜⎜⎝
⎛⋅−= ψε cos
1ln2t  
 
(12) 
 
  
( )20 cosψ⋅= tt f  
 
(13) 
 
 
4.5 Deformation Type 
Even though SPIF has been the subject of research for a number of years the type of 
deformation is yet to be identified with certainty. The two extremes in the ongoing discussion 
in literature are: 1) pure stretching with some bending at the edges and 2) pure vertical shear 
[19], Fig. 5. Another question in the discussion is whether a significant amount of through 
thickness shear is present [15].  
 
tε
φε
ψ
  
 
Fig. 5 Left: illustration of pure stretch, right: pure vertical shear 
 
A good example why understanding the type of deformation is important is when measuring 
the strains. This is often done by applying a grid on the surface of the undeformed sheet and 
measuring the deformed grid after deformation. Using this procedure it is assumed that the 
strains measured provide two of the principal strains. This is the same as assuming the 
thickness strain to be a principal strain. This however is only the case for pure stretching. For 
vertical shear the strains found from a surface grid will not be the principal strains [19]. 
4.6 Stresses 
Stresses are almost impossible to measure in SPIF, and this is the reason why literature only 
contains a small amount on this subject. Forces have been measured [14,20] but converting 
these into stresses is not easy. This would require information on the size of the contact area, 
and even this is difficult to get. Most information on stresses comes from simulation and 
comparisons with similar processes. In general it can be said that the state of stress in SPIF is 
still an open question.  
 
Ambrogio et al. [21] used implicit simulation and found a compressive mean stress around 
200 MPa in the area under the tool and a maximum principal stress of 100-250 MPa in the 
part wall close to the tool. The tool radius used was 6 mm and the sheet material was AA 
1050 O. 
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4.7 Applications 
SPIF can be classified as a rapid prototyping manufacturing process since no dedicated die is 
needed and the time from idea to final part can be less than 24 hours. It can also be classified 
as a layered technology process since the part is formed in layers by the tool path. The high 
machining time excludes SPIF as a mass production technology, but the low start up costs 
makes it suitable for one-of or small batch production. The price of producing a part with 
SPIF is difficult to estimate, but it is in many cases higher than initially guessed. The part 
must be created in a CAD system and a tool path must be generated in a CAM system. For a 
skilled technician this will take 2-5 hours depending on the complexity of the part. Including 
setup, occupation of a CNC machine about three hours is realistic and this will also include 
wages for a technician to operate the machine. In total a price of a SPIF part can easily reach 
300-1000 €. This excludes a lot of trivial uses for normal consumers, such as customized dog 
bowls and sinks. In short the product segment for SPIF can be categorized as: high value - 
low volume [22].  
 
In the medico industry the price of equipment and material can often be considered low 
compared to prices of wages for doctors and other medical related costs. The human body is a 
good example of a complicated one-of “product” and custom manufactured parts to fit a 
specific person is an area where SPIF has a large potential. Tanaka et al. [23] showed this by 
using SPIF instead of casting to produce a denture plate out of titanium sheet, Fig. 6. Verbert 
et al. [24] used multi stage SPIF to produce a titanium skull implant, Fig. 7.  
 
 
 
Fig. 6 Incrementally formed denture plate in titanium [23] 
 
 
Fig. 7 Titanium skull implant made by multi stage SPIF [24]  
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A structured search for applications has been done by Allwood et al. [22]. A total of 28 
existing sheet metal products are compared with economical and technological capabilities of 
incremental sheet forming. Geometrical tolerance is identified as the most critical parameter. 
Out of 28 possible applications only two have tolerance demands wide enough for the 2 mm 
tolerance limit estimated for incremental sheet forming, Fig. 8.  
 
Thickness tolerance is not included in the work. All parts formed with SPIF have very poor 
thickness tolerances. A 60° cone formed out of a 1 mm sheet has a side thickness of about 0.5 
mm but the undeformed bottom of the part is still 1 mm. The thickness tolerance for this 
example is 0.75 mm ± 0.25 mm. 
 
Fig. 8 Tolerances for 28 possible applications of ISF, limit for ISF is set to 2 mm [22] 
 
Another possible application for SPIF is production of dies and moulds for polymer and metal 
forming, and this application has been investigated by Allwood et al. [25]. The geometry 
formed by SPIF is only intended as the surface of the die or mould and back support is needed 
behind the sheet. This could be concrete, sand or any other substance which can be poured 
into a mould. Allwood successfully produced a male and female die using this technique and 
used them to form a sheet metal part, Fig. 9. 
 
 
Fig. 9 Left: male and female die made with SPIF, right: part produced with dies [25] 
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Jeswiet et al. investigated using SPIF for production of prototypes for the automotive industry. 
A prototype of a manifold heat shield [17] and a headlight reflector [26] were successfully 
produced, Fig. 10 and Fig. 11.    
 
 
Fig. 10 Left: original manifold heat shield, right: prototype produced by SPIF [17] 
 
 
 
Fig. 11 Left: prototype of headlight reflector, right: reflector after surface treatment [26] 
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5 Formability in sheet forming 
5.1 Classical instability theories in sheet forming 
The present chapter is based on [27,28]. Instability theories in sheet forming typically deal 
with two types of instability or necking: diffuse and local. The two types of instability can be 
seen in a tensile test of a metal strip, Fig. 12. Instability occurs when strain hardening of the 
material can no longer out balance the reduction in cross sectional area. After this point 
deformation is no longer homogenous, but concentrated in a small zone in the work piece. All 
further deformation will happen within this zone.  
 
Diffuse 
Instability
Local 
Instability
 
Fig. 12 Diffuse and local instability in tensile test of an aluminium strip 
 
Diffuse instability occurs before local and causes a gradual reduction in thickness in the 
instability zone. At some point a local instability is formed within the diffuse instability zone. 
The local instability zone has a width in the same order of magnitude as the strip thickness. 
Deformation in the local instability zone can be considered plane strain since no deformation 
occurs in the longitudinal direction of the zone due to surrounding material which is now rigid. 
 
In the following sections material is assumed to be isotropic (14) and following the Hollomon 
expression for yield stress (15). 
 
 1=R  (14) 
 
 n
yield Cεσ =  (15) 
5.2 The Swift criterion for diffuse instability 
The Swift instability criterion can be described as the point in a tensile test where further 
deformation can occur without increasing the load. This follows the intuition of an unstable 
situation where deformation is continuing although the load is constant or decreasing. 
 
A small sheet work piece is loaded in biaxial stress in two directions x and y in the plane of 
the sheet which are also the principal directions for stresses and strains, Fig. 13. 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
19 
 
 
 
  
yσ
xσ
 
Fig. 13 Small sheet element loaded in two directions 
 
In this situation the Swift criterion can be expressed as: 
 
 0)( =xx Ad σ  (16) 
 
Using the assumptions (14) and (15) together with von Mises yield criterion and the Levy-
Mises flow rule the following expression for the effective strain when diffuse instability 
occurs can be derived from (16): 
 
 
32
2
3
2
4334
)1(4
xxx
xxndiffuse +−−
+−⋅=ε  (17) 
  
In (17) x is the ratio between the principal stresses: 
 
 
x
yx σ
σ=   (18) 
 
 
For a uniaxial tensile test in the direction of xσ the stress ratio x is equal to zero which results 
in an effective diffuse instability strain equal to n. The strains in the principal directions in the 
plane of the sheet can be calculated as seen in (19) and (20). Fig. 14 shows the Swift criterion 
for diffuse instability for n = 0.25 in the principal strain space. 
 
 
diffusediffusex
xx
x εε ⋅+−
−=
2, 12
2  
 
(19) 
 
 
diffusediffusey
xx
x εε ⋅+−
−=
2, 12
12  
 
(20) 
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Fig. 14 The Swift and Hill criteria for instability and the M-K model 
 
5.3 The Hill criterion for localized instability 
Fig. 15 shows the formation of a localized instability zone within the diffuse instability zone. 
The width of the zone is of the same order of size as the thickness. The condition for a local 
instability to appear is that the strain in the longitudinal direction of the instability zone is zero 
as expressed in (21).  
yσ
xσ
φ
 
Fig. 15 Formation of a localized instability zone 
 
 φεφε 22 sincos0 yx +=  (21) 
 
(21) can also be expressed as the following equations: 
 
 
y
x
ε
εφ −=2tan   (22) 
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12
2tan2 −
−=
x
xφ   (23) 
 
 
For a uniaxial tensile test x is equal to zero which results in a localized instability forming an 
angle of 55° to the direction of tension. From (22) and (23) it is clear that the right hand side 
of the equation must remain positive to get a solution. This means that a local instability can 
only form in the drawing section of the principal strain space where 2ε  is negative. The right 
hand side of equation (23) is only positive for stress ratios lower than 0.5. This means that for 
stress ratios higher than 0.5 only diffuse instability will form. For stress ratios lower than 0.5, 
diffuse instability will occur followed by a local instability. 
 
A localized instability is formed when the increase in stress due to strain hardening 
perpendicular to the direction of the localized instability is balanced out by the decrease in 
cross sectional area of the local instability. This is called the Hill criterion and can be 
expressed as (24), which leads to (25). For a uniaxial tensile test in the direction of xσ  the 
effective local instability strain will be equal to 2n. The strains in the principal directions can 
be calculated using (26) and (27). The Hill criterion can be seen in Fig. 14 for n = 0.25. 
 
 0)( 2/ =+ φπφσ Ad  (24)  
 
x
xxnlocal +
+−⋅=
1
12 2ε  (25)  
   
 
locallocalx
xx
x εε ⋅+−
−=
2, 12
2  
 
(26) 
 
 
locallocaly
xx
x εε ⋅+−
−=
2, 12
12  
 
(27) 
 
 
 
5.4 The Marciniak Kucynski model for local instability 
According to the Hill criterion a local instability will never appear for positive strain ratios, 
which is the right hand side of principal strain space. This is not in agreement with the model 
put forward by Marciniak and Kucynski (M-K model) which describes the limit for local 
instability for positive strain ratios. 
 
The M-K model is more complicated than the Hill criterion and the formulas will not be given 
here. The model assumes that a sheet material will always have some degree of 
inhomogeneity in the form of local areas with a thickness lower than the surrounding sheet 
material.  
 
Fig. 14 shows the M-K model for an inhomogeneity factor of 0.98, n = 0.25 and a strain 
increment of 0.0001. For plane strain the M-K limit is much lower than the Swift limit, but for 
equal biaxial stretching it is the opposite. 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
22 
 
 
 
  
 
5.5 Terminology 
The curve formed by combining the Hill criterion in the drawing region and the Swift 
criterion in the stretching region is often called the forming limit curve (FLC) or instability 
curve and the diagram is called a forming limit diagram (FLD). An FLC can also be a curve 
fitted to experimental values for necking. In general the terms FLC and FLD are used for 
theoretical or experimental curves for the necking limit in the principal strain space.  
 
A fundamental and sometimes overlooked assumption which needs to be fulfilled in order to 
use the curves for necking as displayed in Fig. 14 is that the strain path must be straight. If 
this is not the case the theoretical limits for necking are of little value [29]. Measuring strain 
with a grid applied on the sheet surface will provide strain values in the plane of the sheet. 
There is no guarantee that these strains are principal strains and this measuring technique does 
not provide information about the strain path.  
 
To use strains from a grid analysis in combination with the theoretical instability limits it 
must first be verified or assumed that the thickness strain is a principal strain and that the 
strain path is linear.  
5.6 Fracture forming limit curves 
Fracture forming limit curves (FFLC) are normally more associated with bulk forming than 
sheet forming. As a result diagrams showing an FLC and an FFLC at the same time are rare. 
Another reason is that most sheet forming processes are limited by necking and the increase in 
strain within the neck until fracture is therefore of little interest. Fig. 16 shows measured 
strain values for necking and fracture. The necking strains are similar to the theoretical curve 
for diffuse necking in the stretching area and the curve for local necking in the drawing area. 
The FFLC is seen to be much higher than the FLC, but as seen in Fig. 17 this is not always 
the case. 
 
 
Fig. 16 Experimental strains for necking and 
fracture in stretch forming of fine-grained 
aluminium [29] 
 
Fig. 17 Experimental strains for necking and 
fracture in stretch forming of aluminium 5154-O 
[29] 
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5.7 Experimental values for necking and fracture 
Experimental values for necking and fracture can be obtained using the same experiments. 
Bulge-testing is used for values in the stretching region and tensile tests are used for values in 
the drawing region.  
 
For diffuse necking the strains are measured outside the necking region to get the limit for this 
type of necking. Since all deformation occurs within the diffuse necking zone after formation, 
the measured values will be the strain values just before diffuse necking. For local necking the 
strain is measured inside the diffuse necking zone but outside the local neck. Since all 
deformation occurs within the local necking zone after its formation, these strain values will 
be the strain values just before local necking. 
 
Fracture strains are measured as close to the fracture as possible. The thickness strain is 
measured at the edge of the crack. A second principal strain is measured as the change of 
width in the direction of the local neck, i.e. comparing initial length in this direction of the 
undeformed strip with the length of the local neck after fracture.   
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6 Increased formability in SPIF 
 
It is commonly accepted that the formability of SPIF is much higher than traditional sheet 
forming processes [18], but the reason or reasons for this is far from agreed upon. The present 
state of the research – without including the findings of this project – offers the following 
very different explanations: 
1) Through thickness shear (Allwood et al.)  
2) Serrated strain paths (Eyckens et al.) 
3) Bending under tension (Emmens et al.) 
4) Compressive mean stress, small strain increment and low 
maximum principal stress (Micari) 
6.1 Through thickness shear 
Allwood et al. [15] used a forming tool shaped as a paddle to create a process with features 
similar to SPIF, i.e. small contact area and repeated contacts between tool and sheet. 
Experiments showed that the paddle increases formability about 35% compared with a 
rotational symmetric punch of the same shape. The paddle process was simulated using 
ABAQUS/explicit and five solid elements in thickness. The simulation demonstrated through 
thickness shear. An extension of the M-K model was developed to include the influence from 
through thickness shear in a process having proportional loading. The resulting surface strains 
at instability increased with increasing through thickness shear, Fig. 18. Using a grid on the 
upper and lower surface, experiments confirmed the presence of through thickness shear in 
forming of a truncated pyramid. The experiments also indicated that the deformation was not 
vertical shear. 
 
Fig. 18 Surface strains at the onset of instability with increasing through thickness shear [15] 
6.2 Serrated strain paths 
Eyckens et al. [30] simulated forming of a slice of a 50° cone using ABAQUS/standard. The 
strain path was found to be far from linear having a non-monotonic serrated path. The strain 
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paths were used as input in a M-K model. The results showed a higher forming limit when 
using different isotropic and anisotropic flow laws.  
 
 
Fig. 19 Serrated strain path found by simulation of 50° cone (y is ε1 and x is ε2) [30] 
6.3 Bending under tension 
In a fundamental study of material properties Emmens et al. [31] developed a tension test with 
repetitive bending and unbending. Experiments showed that large uniform strains could be 
achieved without necking, Fig. 20 and Fig. 21. Decreasing the bending radius increased 
formability similar to how decreasing tool radius increases formability in SPIF. 
 
Fig. 20 Experimental setup for bending and 
unbending during tensile test [31] 
Fig. 21 Stress-strain curve obtained from  
tested specimens [31] 
 
6.4 Compressive mean stress, small strain increments and low maximum 
principal stress 
Micari [5] simulated SPIF using explicit time integration and calculated a compressive mean 
stress under the tool. This was believed to reduce both nucleation and growth of micro voids, 
i.e. to work against ductile fracture in the process. Low values of the maximum principal 
stress were also stated to increase formability since this stress is known to cause fracture in 
conventional deep drawing. In general the high formability in SPIF was believed to be the 
result of a synergy between compressive mean stress, low value of maximum principal stress 
and small and localized strain increments.  
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6.5 Necking versus fracture 
Whatever the reason for the increased formability in SPIF is, it remains to be determined what 
happens with the fracture line which is seen in Fig. 16 and Fig. 17. As necking is delayed, the 
position of the necking limit is raised in the principal strain space and maybe the shape also 
changes. The question is whether the fracture limit also moves upwards to keep the strain 
between necking and fracture constant or the fracture line remains in the same position? If the 
fracture line is more or less constant the necking limit will, if raised enough, pass the fracture 
line implying that deformation will be uniform thinning until fracture.  
 
Fracture without previous necking is not an unknown phenomenon. As seen in Fig. 17 the 
fracture line is in some cases close to or lower than the necking line at equal biaxial strain. A 
bulge test with a circular die will in this case produce uniform thinning until fracture. 
 
In fracture mechanics studies of sheet forming the fracture curve based on experiments and 
theory of ductile damage evolution is often a straight line with a slope of -1 [32], Fig. 22. This 
combined with the knowledge that the limiting strains in SPIF can be displayed as a line with 
a slope of -1 is not a proof that SPIF is limited by fracture only, but it is a strong indication. It 
does not tell anything about why necking is delayed or simply not present. In fact the reason 
could be any of the mechanisms described earlier in this chapter. A statement that SPIF is 
limited by fracture only, i.e. uniform thinning until fracture, does not exclude: serrated strains 
paths, through thickness shear or bending under tension as the cause/causes for the absence of 
necking. 
 
 
Fig. 22 Typical locations of fracture lines in bulk and sheet forming [32] 
 
Damage is related to fracture and not necking, so any attempt to explain the increased 
formability in SPIF by calculation of damage is basically the same as assuming that the 
process is limited by fracture. A number of researches have looked at damage in relation to 
formability in SPIF [4,5,33], but this has not lead to the conclusion that SPIF is limited by 
fracture instead of necking.  
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Identifying whether SPIF is limited by necking or fracture seems like an easy task, but the 
literature shows that this is not the case. Another reason for the confusion is that a simple 
analysis of strains from a surface grid close to a fracture does not provide information on the 
possible appearance of necking previous to fracture. Examples of parts formed to necking 
without fracture are not common, and this indicates that the straining between necking and 
fracture is very small, assuming that a neck does exist.   
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7 Numerical Simulation 
 
Numerical simulation of SPIF is challenging due to the long duration of the process and the 
constantly changing contact between tool and work piece. The geometries which need to be 
meshed for a simulation are very simple and all information about the geometry lies in the 
movement of the forming tool.  
 
 
Fig. 23 Basic geometries (tool, sheet and backing plate) for numerical simulation of SPIF 
 
Simulation has been done with both explicit and implicit time integration, but explicit is by 
far the most common choice. Using implicit time integration it not feasible to simulate 
forming of the whole part and only a section is simulated [30]. With explicit time integration 
the whole part can be simulated but mass scaling, time scaling and rigid tools must be used to 
ensure a reasonable calculation time [34].  
 
7.1 Element choice 
The most common element is a fully integrated shell with five or more integration points in 
thickness. Using integration points in the thickness direction places this element somewhere 
between a solid element and a membrane element which only has one integration point in 
thickness. It can take bending effects into account and the state of stress is not plane-stress. 
Using solid elements normally requires that only a section of the geometry is simulated to 
make calculation time reasonable.  
 
Most shells assume that the normal stresses are zero in the thickness direction, but since the 
shear stresses in this direction can still be different from zero, the state of stress is not plane 
stress. Some shells can also include normal stresses in the thickness direction and they are 
often referred to as solid shells or thick shells.  
7.2 Friction and Material Data 
Getting input data for simulation of SPIF is not an easy task. The coefficient of friction 
between the forming tool and the sheet has not been measured by any researchers. 
Measurements of process forces have been carried out, but these can not easily be converted 
into a coefficient of friction. Common values are guessed to lie between 0.05 and 0.125. 
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Another challenge is getting reliable material data. Even though almost all research is done 
with standard materials only a few publications report material data found by experiments. 
Material data is found by tensile and bulge tests, but these tests will only provide results for 
rather low strain values, much smaller than those observed in SPIF. As a result a high degree 
of extrapolation is needed, Fig. 24. 
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Fig. 24 Stress-strain curve for equivalent strain values 
observed in SPIF and values from tensile and bulge testing 
 
 
7.3 Time scaling 
Time scaling is done by simulating the process with a higher feed rate than what is used in 
experiments. Typical scale factors are 500-2500 which causes the simulated process to last a 
couple of seconds compared to experiments with duration of about an hour. This increases the 
kinetic energy in the process, and a general rule often used is that the kinetic energy may not 
exceed 5% of the deformation energy. For simulation of SPIF this global criteria is not always 
enough since the amount of kinetic energy is almost constant, but the deformation energy is 
constantly increasing throughout the process. Any violation of the 5% criterion is therefore 
most likely to be seen in the beginning of the process where the total amount of deformation 
energy is small or if peaks in the kinetic energy exist [35].  
 
An example of excessive time scaling in a simulation carried out by the author can be seen in 
Fig. 25. The first stage in a two stage operation is completed without problems for both time 
scaling levels, but the second stage is only possible at the lower level of time scaling. The 
observed difference is most likely caused by a more complicated stress-strain situation during 
the second stage. This also serves as an example that multi stage SPIF is more difficult to 
simulate compared to normal SPIF. 
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Fig. 25 Different time scaling levels (shell 16, no mass scaling) 
 
7.4 Mass scaling 
Mass scaling is a method for increasing the maximum time step set by the Courant stability 
criterion (28) in explicit time integration [36]. sL is the characteristic length of the shell and 
can be the shell area divided by the largest side or diagonal. c is the speed of sound in the 
material. For steel with a shell side length of 2 mm the time step tΔ  is about 3·10-7s. Mass 
scaling allows a higher time step and as a result a reduced calculation time, but it also 
increases the mass and thereby the kinetic energy. To keep total mass increase at a minimum 
only shells which require mass scaling to fulfil the Courant criterion are scaled [37]. An 
example of excessive mass scaling in a simulation by the author can be seen in Fig. 26. As in 
the case of time scaling, multi stage SPIF is more sensitive to mass scaling than normal SPIF.  
 
 
c
Lt s=Δ   (28) 
 
 
)1( 2υρ −=
Ec  
 
(29) 
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Fig. 26 Different levels of mass scaling (shell 16, time scaling 1500) 
 
Both time and mass scaling offers the possibility to reduce calculation time. The price payed 
is a lower quality output and it is not easy to determine an appropriate level of scaling. Time 
and mass scaling can be used together or individually. 
 
7.5 LS-DYNA 
LS-DYNA from Livermore Software Technology Corporation, version LS-DYNA_971, is the 
numerical software used in this project. LS-DYNA is originally a dynamic explicit program 
but the current version also offers implicit time integration [36].  
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8 Summery of Papers 
 
In the present chapter the papers appended to the thesis are listed and summarized. To 
structure the summery the papers are divided into five main topics. 
 
8.1 List of papers 
 
1) Creating helical tool paths for single point incremental forming 
[38], p. 55-64 
M. Skjoedt, M. H. Hancock and N. Bay 
SheMet 2007, 12th Int. Conf. on Sheet Metal, Palermo, Italy, Apr. 1-4, (2007)  
Key Engineering Materials, vol. 344, p. 583-590 
 
2) Single point incremental forming using a dummy sheet 
[39], p. 65-76  
M. Skjoedt, M. B. Silva, N. Bay, P. A. F. Martins, T. Lenau 
2nd ICNFT, 2nd Int. Conf. on New Forming Technologies 
Bremen, Germany, Sep. 20-21, (2007) 
Conference proceedings, BIAS-Verlag, p. 267-276 
 
3) Estampagem incremental de ‘tailored blanks’ 
[40], p. 77-93 
M.B. Silva, M. Skjoedt, L.M. Alves, P. Vilaça, N. Bay, P.A.F. Martins 
27o SENAFOR, 10a Conferencia Nacional de Conformaçao de Chapas 
Porto Alegre, Brazil, Oct. 18-19, (2007) 
Conference proceedings, p. 239-253  
  
4) Revisiting the fundamentals of single point incremental forming by means of 
membrane analysis 
[41], p. 95-107 
M.B. Silva, M. Skjoedt, N. Bay, P.A.F. Martins 
International Journal of Machine Tools and Manufacture, (2008), vol. 48, p. 73-83 
  
5) Single-point incremental forming & formability-failure diagrams 
[42], p. 109-131 
M.B. Silva, M. Skjoedt, A.G. Atkins, N. Bay, P.A.F. Martins 
The Journal of Strain Analysis, (2008), vol. 43, p. 15-35 
 
6) Single point incremental forming of tailored blanks produced by friction stir welding 
[43], p. 133-162 
M.B. Silva, M. Skjoedt, P. Vilaça, N. Bay, P.A.F. Martins 
Journal of Materials Processing Technology, (2008), accepted for publication 
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7) Theory of single point incremental forming 
[44], p. 163-170 
P.A.F. Martins, N. Bay, M. Skjoedt, M.B. Silva 
CIRP Annals - Manufacturing Technology, (2008), vol. 57, p. 247-252 
 
8) Multi stage strategies for single point incremental forming of a cup 
[45], p. 171-176 
M. Skjoedt, N. Bay, B. Endelt, G. Ingarao 
ESAFORM 2008, 11th Conf. on Material Forming, Lyon, France, Apr. 23-25, (2008) 
International Journal of Material Forming, (2008), Springer/ESAFORM 2008 
 
9) Strain paths and fracture in multi stage single point incremental forming 
[46], p. 177-184   
M. Skjoedt, M.B. Silva, P.A.F. Martins, N. Bay 
ICTP 2008, 9th Int. Conf. on Technology of Plasticity, Gyeongju, Korea, Sep. 7-11, (2008) 
Conference proceedings, accepted 
 
 
Some of the papers overlap considerably. [42] is an expanded version of [41] and also 
includes geometries which are not formed in plane strain. [40] is a Portuguese conference 
version of [43]. [44] is a summery of [39,42,43]. 
 
All material is basically covered by the following papers: [38,39,42,43,45,46]. 
 
8.2 Main topics of papers 
The content of the papers can be divided into five main topics: 
 
   1) Tool path generation for SPIF 
   2) SPIF using a dummy sheet 
   3) Theory of SPIF and prediction of formability 
   4) SPIF of tailored blanks produced by friction stir welding 
   5) Multi stage SPIF 
 
In the natural flow of research the different topics flow into each other and papers often 
contain more than one of the five topics. Examples: helical tool paths are used in work on all 
the topics, dummy sheets are used in the work on SPIF of tailored blanks produced by friction 
stir welding and the developed theoretical analysis of SPIF is used to explain observations in 
the dummy sheet work and to construct a fracture line in the multi stage work. To link the 
different topics one of the papers [44] is an overview of three topics 2), 3) and 4). This 
strategy is justified by the fact that it has made it possible to explain previous observations 
with newer developments, thus facilitating reading of the thesis. 
 
In the following sections the five topics within the nine papers are summarized.  
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8.2.1 Tool path generation for SPIF  
[38] 
 
SPIF is often performed on a CNC milling machine and the tool movement is programmed 
using CAM software intended for surface milling. Often the function called profile milling or 
contour milling is applied. Using this milling function the tool only has a continuous feed rate 
in two directions X and Y, which represents the planes parallel to the undeformed sheet. The 
feed in the Z direction is done in the same angular position in the XY plane along a line down 
the side of the work piece. This causes a scarring of the side and furthermore results in a peak 
in the axial force when the tool is moved down.  
 
The present paper offers a solution to this problem. A dedicated program is created which 
uses the coordinates from the profile milling code and converts them into a helical tool path 
with continuous feed in all three directions, Fig. 27. The program is called HeToPac. Using 
the helical tool path the scarring is removed, the part is otherwise unchanged and a major 
disadvantage of using milling software for SPIF is removed, Fig. 28. The solution is 
demonstrated by SPIF of three different geometries: a pyramid, a cone and a complex part. 
 
 
Fig. 27 Left: profile tool path, right: helical tool path generated by HeToPac [38] 
 
 
 
Fig. 28 Left: inside scaring from profile tool path, right: same surface by using HeToPac [38] 
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The paper presents a solution to a small practical problem caused by using milling software 
for SPIF. HeToPac was used in work for all the other papers included in this thesis. By 
request HeToPac is now exported to a couple of other universities, Fig. 29. 
 
 
University of Padova
Padova, Italy
Indian Institute of Technology (IIT)
Kanpur, India 
 
Fig. 29 Locations of universities which have requested the HeToPac program 
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8.2.2 SPIF using a dummy sheet  
[39] 
 
A new variant of SPIF is invented in this work. This version includes a dummy sheet on top 
of the work piece sheet, i.e. forming two sheets instead of one, Fig. 30. The dummy sheet, 
which is in contact with the rotating tool pin, can be discarded after forming. This new setup 
influences the process and offers a number of new possibilities for solving some of the 
remaining problems in SPIF. 
 
Backing Plate
Dummy Sheet
Sheet for Geometry
Clamping
Forming Tool
 
Fig. 30 SPIF using a dummy sheet setup [39] 
 
It is investigated how the use of a dummy sheet influences: formability, wear, surface quality 
and bulging of planar sides. This is done by forming two test shapes: a truncated cone with 
increasing drawing angle, Fig. 31, and a truncated pyramid. The possible influence of the 
level of friction between the two sheets is also investigated. 
 
65°55°
60°
65°
70°
75°
80°
 
Fig. 31 Truncated cone with step wise increasing drawing angle [39] 
 
The results show that the use of a dummy sheet reduces wear of the work piece to almost zero, 
but it also causes a decrease in formability. Bulging of the planar sides of the pyramid is 
reduced. Surface roughness is increased, but the general appearance is improved. Lowering 
the friction between the two sheets by lubrication only influences roughness. Suggestions for 
applications of this new technique are discussed, among those SPIF of tribologically difficult 
materials such as titanium and soft aluminium. 
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The invention of the dummy sheet version of SPIF soon proved its worth. It was used in 
forming thick tailored AA 1050 H111 blanks produced by friction stir welding. Without the 
dummy sheets, the experiments could not be performed without severe galling of the soft 
aluminium sheets. 
 
 
 
Fig. 32 Left: signs of galling in SPIF of 1.5 mm AA1050 H111, right: surface quality in SPIF of 
1.5 mm AA1050 H111 using a 0.63 mm DC04 steel dummy sheet [39] 
 
 
 
 
 
 
 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
38 
 
 
 
  
8.2.3 Theory of SPIF and prediction of formability  
[41,42,44] 
 
In this work membrane equilibrium equations are used to derive a set of equations to describe 
the state of stresses and strains in the plastic zone of SPIF, Table 3. Assumptions and 
conditions are listed below: 
 
1) The governing mode of deformation is in-plane stretching. 
2) The plastic zone is small and placed right underneath the forming tool. 
3) Three basic modes of deformation are considered the extremes and all shapes are 
assumed to be combinations of these:  1) flat and 2) rotational symmetric surfaces, 
which are considered to deform under plane strain, and 3) corners, which are 
considered equal biaxial stretching.  
4) Bending moment is neglected and friction is considered small. This is necessary to 
assume that the principal stresses are coinciding with the following directions: 
meridional, circumferential and thickness. 
5) No strain hardening, i.e. rigid-perfectly plastic. 
6) Friction can be treated as two in-plane components: meridional friction and 
circumferential friction. 
7) Tresca is yield criterion and Levy-Mises flow rule is adapted. 
 
 
 Assumption State of strain State of stress Hydrostatic stress 
SPIF 
(flat and 
rotational 
symmetric 
surfaces) 
plane strain 
conditions 
 0
0
0
<ε
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>ε−=ε
θ
φ
t
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dd ( )
( )
( ) 0
0
1
3
312
1
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0
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( )
( ) 022
0
21
3
1
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tr
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Y
 
⎥⎦
⎤⎢⎣
⎡
+
−σ=σ
tr
tr
tool
toolY
m 23
2
 
Table 3 Equations for calculating principal stresses in the plastic zone in SPIF [44]  
 
The work also presents a theorem to explain the high formability in SPIF: 
 
. . .
 
Fig. 33 Quotation from [42] 
 
The theorem can be broken down in two parts:  1) the suppression of necking and 2) the low 
growth rate of accumulated damage. Another way of saying this is to describe the deformation 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
39 
 
 
 
  
in SPIF as uniform thinning until fracture, i.e. deformation is limited by fracture only and not 
necking, Fig. 34. 
 
 
 
Fig. 34 Fracture line limiting the SPIF process in the principal strain space and 
theoretical FLC [42] 
 
 
 
The low growth rate of accumulated damage is explained by looking at the triaxiality ratio 
(hydrostatic stress divided by flow stress) using the theoretical hydrostatic stress as seen in 
Table 3. Comparing the triaxiality ratio of stamping with SPIF it is clear that the growth rate 
of damage can be expected to be higher in stamping than in SPIF, (30) and (31), [42].  
 
The suppression of necking is explained qualitatively by the inability of a neck to grow in the 
small plastic zone surrounded by material which is close to being rigid or at least only 
deformed elastically. 
 
 
strainplaneY
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(31) 
 
Critical damage values (Dc) based on the triaxiality ratios are used to calculate a theoretical 
slope for the straight line which limits SPIF in the principal strain space, Fig. 34 and (32), 
[42]. Please note: (32) is different than the same expression seen in the papers [42,44,46]. 
This is due to errors in the papers, (32) is correct. The error causes a small change in the 
calculated slope.  
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The work also contains experimental evidence that no necking is formed before fracture. This 
is shown in the form of thickness measurements along the sides of a cone with increasing 
drawing angles. The thickness in the area of cracking is not different from the thickness in a 
zone with no cracking at the same depth. Also, close up pictures of the cracks reveal no 
necking, Fig. 35.  
 
 
Fig. 35 Close up picture revealing no necking [42] 
 
 
 Novel contributions in this work are listed below: 
 
1) Theoretical explanation to the experimentally observed influence from initial sheet 
thickness ( 0t ) and tool radius ( toolr ) on formability. 
2) Equations for calculating the principal stresses in the plastic zone. 
3) Theory to explain the high formability in SPIF, i.e. why necking is suppressed and 
damage growth rate is low. 
4) Theoretical explanation to why the curve limiting the strains in the principal strain 
is a straight line with a negative slope. 
5) Theoretical calculation of the slope of the fracture line in the principal strain space. 
6) Theoretical explanation why the inclined wall adjacent to the tool is only 
elastically deformed.  
7) Theoretical explanation to why cracking occurs in the upper part of the plastic 
zone and not under the tool.  
8) Experimental evidence that no necking is present.  
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8.2.4 SPIF of tailored blanks produced by friction stir welding  
[40,43] 
 
This work is dealing with SPIF of tailored blanks produced by friction stir welding. The work 
also investigates the use of dummy sheets to protect the welding joint and the soft aluminium 
sheets from the rotating forming tool. Formability of the welded blanks is evaluated by tests 
carried out on truncated conical and pyramidal shapes with step wise increasing drawing 
angles. Results are compared with similar tests performed on conventional reference sheets of 
the same material, Fig. 36.  
 
 
Fig. 36 Maximum drawing angles for tailored blanks and reference blanks as a function of t0 
during SPIF of Aluminium AA1050-H111. A 0.63 mm DC04 steel dummy sheet was used in all 
the experiments [43] 
 
 
 
Results show that the combination of SPIF with friction stir welding seems promising in the 
manufacture of complex sheet metal parts with high depths and drawing angles up to 60°, Fig. 
37. 
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Fig. 37 Right: 60° pyramid with friction stir welding without fracture, left: steel dummy used during 
forming [43]  
 
 
 
This work is dealing with the subject of maturing SPIF for applications. It is likely that SPIF 
will have to be used together with other advanced manufacturing technologies once the 
process moves from research into areas of applications. This is in agreement with the product 
segment for SPIF being high value - low volume. A part produced by a combination of 
friction stir welding and SPIF will contain a large amount of know-how and processing time, 
and will present a significant value. 
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8.2.5 Multi Stage SPIF  
[45,46] 
 
In this work a five stage forming strategy for SPIF of a round cylindrical cup with a 
height/radius ratio of one is developed. Geometrical relations are discussed and theoretical 
strains are calculated. The influence of forming direction (upwards or downwards) is 
investigated comparing explicit FE analysis with experiments.  
 
Good agreement is found between calculated and measured thickness distribution, overall 
geometry and strains, Fig. 38 and Fig. 39. Using the developed multi stage strategy it is 
shown possible to produce a cup with a depth almost as large as the radius and vertical sides 
in about half of the depth, Fig. 40. 
 
 
Fig. 38 Left: sheet thickness as a function of depth for down-down (DD) and down-up (DU) 
strategy, right: shapes determined by FE simulation with marking of elements at depths of 20 and 
60 mm, scale is thickness in mm [46] 
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Fig. 39 Experimental and nummerical strains for 
strategies DD and DU in zone -20 < Z < -60 mm [46] 
 
 
 
 
 
Fig. 40 Cup with 90° walls formed in four stages [46] 
 
Strain paths are found to be straight in the first stage of forming and far from straight in the 
second stage. Fracture strains seem to follow a line with a slope of -1 indicating that the 
fracture line is not very dependent on strain paths. 
 
The subject of multi stage SPIF is aimed at two areas: expanding the range of possible 
geometries by increasing the maximum drawing angle and improving the thickness tolerance. 
The two subjects go hand in hand since the requirement for increasing the maximum drawing 
angle is to use all material available, i.e. achieving a more uniform thickness. The work could 
also be described as investigating possible ways to get biaxial strains for rotational symmetric 
geometries, or how to move away from the limitations prescribed by the sine-law. 
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9 Suggestions for future work 
 
One Topic could be to verify the theoretical principal stresses in Table 3 by comparing them 
with results from FE simulations. This could be done by running simulations with a constant 
yield stress and using geometries to cover the assumed basic geometrical shapes:  1) flat and 
2) rotational symmetric surfaces, which are considered to deform under plane strain, and 3) 
corners, which are considered equal biaxial stretching. This would also allow a validation of 
the assumed strain situations, i.e. plane and equal biaxial strain.  
 
The proposed multi stage strategy is far from ideal. Using this strategy it has been possible to 
produce vertical walls but the measurements of thickness reveals that the distribution of 
material is far from ideal. The residual centre part of the geometry is only formed in the first 
stage and this causes the thickness to be high compared to the rest of the part. Since the 
distribution of material is not ideal it opens for the possibility to form deeper geometries or 
walls with drawing angles higher than 90°. In theory this can be done without passing the 
fracture line in the principal strain space. Another topic within this area could be to use multi 
stage strategies for geometries which are not axis symmetric. It is expected that the corners in 
a square cup are the most difficult to form without fracture. The reason is that corners of a 
pyramid are already experiencing biaxial stretching in one stage SPIF. 
 
The use of dummy sheets opens a number of possibilities. Using a steel dummy on top of soft 
aluminium sheets has already proven to be a success. A logical step would be to try different 
thicknesses and material combinations. Also the idea of using the dummy sheet beneath 
instead of on the top has not been investigated yet. A few preliminary experiments have 
shown that an increase in formability is possible with this configuration. 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
47 
 
 
 
  
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
48 
 
 
 
  
10 Conclusion 
 
The work of this PhD project has lead to a number of advances within the science of SPIF. 
When the project was started 3 years ago no analytical models for SPIF existed and the reason 
for the high formability was still an open question.  
 
This project has put forward a new theory for explaining the high formability. Within the 
same time period other researchers have come up with other explanations as seen in chapter 6.  
Time will tell which theories are correct, but the possibility also exist that the whole 
explanation includes elements from the different theories.  
 
The analytical model presented in this work is unique. So far no other researchers have 
presented a way of calculating stresses in SPIF without using numerical simulation. A lot of 
assumptions had to be made, but even with these the model helps understanding the process 
and is able to explain a lot of experimental observations in the literature. This must be 
considered a milestone in SPIF research. 
 
The invention of the dummy sheet variant of SPIF has already proved its worth during this 
work and all the possibilities for this variant have not been investigated yet. This work 
together with SPIF of tailored sheets produced by friction stir welding can be considered 
maturing the process for use outside the laboratories. Often variations of manufacturing 
processes or combinations with other new processes are necessary to expand the use into new 
areas.  
 
For a long time it was considered impossible to achieve a 90° drawing angle using SPIF. The 
sine-law was considered a universal law. From the beginning of this project it was a clear goal 
to prove that it could be done. This was accomplished by only four stages of forming with the 
proposed multistage strategy and this result must also be considered a milestone in SPIF. 
 
SPIF can still be considered a relatively new process and it still has the ability to impress 
people who see it running for the first time. A lot of suggestions have been presented for use 
of SPIF in the industry, but so far examples of SPIF being used for other purposes than 
research are rare.  
 
The number of research groups working with SPIF has doubled over the last three years. 
There is a risk that SPIF will become “old news” within the next couple of years. It is not 
enough to keep the process interesting that researchers can come up with new things to 
investigate in laboratories. The jump to industry must be made in the near future. 
    
   
 
 
 
 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
49 
 
 
 
  
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
50 
 
 
 
  
11 References 
 
 1.  Ham, M. and Jeswiet, J., Single point incremental forming and the forming criteria for 
AA3003, CIRP Annals - Manufacturing Technology, 55, (2006), 241-244. 
 2.  Jeswiet, J., Hagan, E., and Szekeres, A., Forming parameters for incremental forming 
of aluminium alloy sheet metal, Proceedings of the Institution of Mechanical 
Engineers, Part B: Journal of Engineering Manufacture, 216, (2002), 1367-1371. 
 3.  Ham, M. and Jeswiet, J., Forming limit curves in single point incremental forming, 
CIRP Annals - Manufacturing Technology, 56, (2007), 277-280. 
 4.  Hirt, G., Junk, S., Bambach, M., and Chouvalova, I., Process limits and material 
behaviour in incremental sheet forming with CNC-tools, Materials Science Forum, 
426-432, (2003), 3825-3830. 
 5.  Micari, F., Some remarks on material formability in single point incremental forming 
of sheet metal, ICTP, Verona Italy, (2005). 
 6.  Carrino, L., Di Meo, N., Sorrentino, L., and Strano, M., The influence of friction in the 
negative dieless incremental forming, ESAFORM, Glasgow Scotland, (2006). 
 7.  Leszak, E., Apparatus and process for incremental dieless forming, Patent 
US3342051A, (19-9-1967). 
 8.  Kitazawa, K. and Okaku, H., Possibility of CNC incremental stretch-expanding of 
sheet metal by single-tool-path process, Nippon Kikai Gakkai Ronbunshu, C 
Hen/Transactions of the Japan Society of Mechanical Engineers, Part C, 62, (1996), 
2012-2017. 
 9.  Iseki, H., Kato, K., and Sakamoto, S., Forming limit of flexible and incremental sheet 
metal bulging with a spherical roller, ICTP, (1993), 1635-1640. 
 10.  Matsubara, M., Tanaka, S., and Nakamura, T., Development of incremental sheet-
metal-forming system using elastic tools (1st Report, principle of forming process and 
formation of some fundamental curved shapes), Nippon Kikai Gakkai Ronbunshu, C 
Hen/Transactions of the Japan Society of Mechanical Engineers, Part C, 60, (1994), 
1835-1842. 
 11.  Filice, L., Fratini, L., and Micari, F., Analysis of material formability in incremental 
forming, CIRP Annals - Manufacturing Technology, 51, (2002), 199-202. 
 12.  Jeswiet, J., Incremental single point forming, Technical Paper - Society of 
Manufacturing Engineers, MF, (2001). 
 13.  Hirt, G., Ames, J., Bambach, M., and Ziegler S., New developments in incremental 
forming, 2nd ICNFT, Bremen Germany, 2nd ICNFT, (2007), 31-40. 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
51 
 
 
 
  
 14.  Duflou, J. R., Szekeres, A., and Vanherck, P., Force measurements for single point 
incremental forming: An experimental study, Sheet Metal 2005 - Proceedings of the 
11th International Conference, SheMet'05, 6-8, (2005), 441-448. 
 15.  Allwood, J. M., Shouler, D. R., and Tekkaya, A. E., The increased forming limits of 
incremental sheet forming processes,  Key Engineering Materials, (2007), 621-628. 
 16.  Bambach, M., Todorova, M., and Hirt, G., Experimental and numerical analysis of 
forming limits in CNC incremental sheet forming,  Key Engineering Materials, (2007), 
511-518. 
 17.  Jeswiet, J. and Young, D., Forming limit diagrams for single-point incremental 
forming of aluminium sheet, Proceedings of the Institution of Mechanical Engineers, 
Part B: Journal of Engineering Manufacture, 219, (2005), 359-364. 
 18.  Jeswiet, J., Micari, F., Hirt, G., Bramley, A., Duflou, J., and Allwood, J., Asymmetric 
single point incremental forming of sheet metal, CIRP Annals - Manufacturing 
Technology, 54, (2005), 623-649. 
 19.  Emmens, W. C. and van den Boogaard, A. H., Strain in shear and material behaviour 
in incremental forming,  Key Engineering Materials, (2007), 519-526. 
 20.  Jeswiet, J., Duflou, J. R., and Szekeres, A., Forces in single point and two point 
incremental Forming, Sheet Metal 2005 - Proceedings of the 11th International 
Conference, SheMet'05, 6-8, (2005), 449-456. 
 21.  Ambrogio, G., Filice, L., Fratini, L., and Micari, F., Process mechanics analysis in 
single point incremental forming, NUMIFORM, (2004). 
 22.  Allwood, J. M., A structured search for novel manufacturing processes leading to a 
periodic table of ring rolling machines, Journal of Mechanical Design, Transactions of 
the ASME, 129, (2007), 502-511. 
 23.  Tanaka, S., Nakamura, T., Hayakawa, K., Nakamura, H., and Motomura, K., 
Incremental sheet metal forming process for pure titanium denture plate, ICTP, 
Verona Italy, (2005). 
 24.  Verbert, J., Belkassem, B., Henrard, C., Habraken, A. M., Gu, J., Sol, H., Lauwers, B., 
and Duflou, J. R., Multi-Step toolpath approach to overcome forming limitations in 
single point incremental forming, ESAFORM 2008, Lyon France, (2008). 
 25.  Allwood, J. M., Bramley, A. N., Ridgman, T. W., and Mileham, A. R., A novel 
method for the rapid production of inexpensive dies and moulds with surfaces made by 
incremental sheet forming, Proceedings of the Institution of Mechanical Engineers, 
Part B (Journal of Engineering Manufacture), 220, (2006), 323-327. 
 26.  Jeswiet, J. and Hagan, E., Rapid proto-typing of a headlight with sheet metal, 
Technical Paper - Society of Manufacturing Engineers, (2002), 1-6. 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
52 
 
 
 
  
 27.  Danckert, J., Yield criteria and flow rule for anisotropic materials, Institute for 
production, Ålborg University, Denmark, (1989). 
 28.  Marciniak, Z., Duncan, J. L., and Hu, S. J., Mechanics of sheet metal forming, 
Butterworth Heineman, (2002). 
 29.  Embury, J. D. and Duncan, J. L., Formability maps, Annual review of materials 
science.Vol.11, (1981), 505-521. 
 30.  Eyckens, P., He, S., Van Bael, A., Van Houtte, P., and Duflou, J., Forming limit 
predictions for the serrated strain paths in single point incremental sheet forming,  
AIP Conference Proceedings - American Institute of Physics, (2007), 141-146. 
 31.  Emmens, W. C. and van den Boogaard, A. H., Tensile tests with bending: a 
mechanism for incremental forming., ESAFORM, Lyon France, (2008). 
 32.  Atkins, A. G., Fracture mechanics and metal forming: Damage mechanics and the 
local approach of yesterday and today, Fracture research in retrospect, (1997), 327-
350. 
 33.  Pohlack, M., Kuttner, R., and Majak, J., Modelling and optimal design of sheet metal 
RP&M processes, Rapid prototyping journal, (2005), 304-311. 
 34.  Qin Q., Masuku E.S., Bramley A., Mileham A.R., and Owen G.W., Incremental sheet 
forming simulation and accuracy, 8th ICTP, Proceedings of 8th ICTP, (2005). 
 35.  Bambach, M. and Hirt, G., Error analysis in explicit finite element analysis of 
incremental sheet forming,  AIP Conference Proceedings, (2007), 859-864. 
 36.  LS-DYNA Theory Manual, Livermore Software Technology Corporation (LSTC), 
(2006). 
 37.  LS-DYNA Keyword Users manual, Livermore Software Technology Corporation 
(LSTC), (2007). 
 38.  Skjoedt, M., Hancock, M. H., and Bay, N., Creating helical tool paths for single point 
incremental forming,  Key Engineering Materials, (2007), 583-590. 
 39.  Skjoedt, M., Silva , M. B., Bay, N., Martins, P. A. F., and Lenau, T., Single point 
incremental forming using a dummy sheet, 2nd ICNFT, Bremen Germany, (2007), 
267-276. 
 40.  Silva, M. B., Skjoedt, M., Alves, L. M., Vilaça, P., Bay, N., and Martins, P. A. F., 
Estampagem incremental de 'tailored blanks', XXVII SENAFOR, (2007), 239-253. 
 41.  Silva, M. B., Skjoedt, M., Martins, P. A. F., and Bay, N., Revisiting the fundamentals 
of single point incremental forming by means of membrane analysis, International 
Journal of Machine Tools and Manufacture, 48, (2008), 73-83. 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
53 
 
 
 
  
 42.  Silva, M. B., Skjoedt, M., Atkins, A. G., Bay, N., and Martins, P. A. F., Single-point 
incremental forming and formability-failure diagrams, Journal of Strain Analysis for 
Engineering Design, 43, (2008), 15-35. 
 43.  Silva, M. B., Skjoedt, M., Vilaça, P., Bay, N., and Martins, P. A. F., Single point 
incremental forming of tailored blanks produced by friction stir welding, Journal of 
Materials Processing Tech., (2008). 
 44.  Martins, P. A. F., Bay, N., Skjoedt, M., and Silva, M. B., Theory of single point 
incremental forming, CIRP Annals - Manufacturing Technology, 57, (2008), 247-252. 
 45.  Skjoedt, M., Bay, N., Endelt, B., and Ingarao, G., Multi stage strategies for single 
point incremental forming of a cup, ESAFORM, Lyon France, (2008). 
 46.  Skjoedt, M., Silva, M. B., Martins, P. A. F., and Bay, N., Strain paths and fracture in 
multi stage single point incremental forming, ICTP, Gyeongju Korea, (2008). 
 
 
 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
54 
 
 
 
Technical University of Denmark Research and Innovation, PhD programme 
___________________________________________________________________ 
 February 2008 
 
 
 
  
 Joint author statement 
 
If a thesis contains articles made in collaboration with other researchers, a joint author 
statement about the PhD-student's part of the article shall be made by each of the co-authors, 
cf. article 12, section 4 of the Ministerial Order No. 18 February 2008 about the PhD degree 
 
  
Title of the article:  Creating helical tool paths for single point incremental forming 
  
Author(s): M. Skjoedt, M. H. Hancock and N. Bay 
  
Journal: Conference paper, SheMet 07 – 12th Int. Conf. on Sheet Metal, Palermo, 
Italy, Apr. 1-4, (2007), Key Engineering Materials, vol. 344, p. 583-590.   
  
PhD-student: Martin Skjødt Cpr.nr:  
    
Signature of the 
PhD-student: 
 Date:  
    
Co-author:  Signature:  
  
Description of each author's contribution to the above-mentioned article: 
 
M. Skjoedt: Development of theory for helical program, CAM programming of parts, planning 
and conduction of experiments, literature study, writing of paper, pictures and graphics for 
paper, final editing. 
M. H. Hancock: Development of theory for helical program, programming of the helical 
program, writing of paper, final editing. 
N. Bay: Initiation of problem formulation and final editing. 
 
 
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
55 
 
 
 
 2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
56 
 
 
 
Creating Helical Tool Paths for Single Point Incremental Forming 
 
M. Skjoedt1,a, M. H. Hancock2,b and N. Bay3,c 
 
1, 2, 3 
Technical University of Denmark, Department of Manufacturing Engineering and Management 
DTU - Building 425, DK-2800, Kgs. Lyngby, Denmark 
a
msk@ipl.dtu.dk, 
b
mhh@ipl.dtu.dk, 
c
nbay@ipl.dtu.dk 
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Abstract. Single point incremental forming (SPIF) is a relatively new sheet forming process. A 
sheet is clamped in a rig and formed incrementally using a rotating single point tool in the form of a 
rod with a spherical end. The process is often performed on a CNC milling machine and the tool 
movement is programed using CAM software intended for surface milling. Often the function 
called profile milling or contour milling is applied. Using this milling function the tool only has a 
continuous feed rate in two directions X and Y, which is the plane of the undeformed sheet. The 
feed in the vertical Z direction is done in the same angular position in the XY plane along a line 
down the side of the work piece. This causes a scarring of the side and also results in a peak in the 
axial force when the tool is moved down. 
 
The present paper offers a solution to this problem. A dedicated program uses the coordinates from 
the profile milling code and converts them into a helical tool path with continuous feed in all three 
directions. Using the helical tool path the scarring is removed, the part is otherwise unchanged and a 
major disadvantage of using milling software for SPIF is removed. The solution is demonstrated by 
SPIF of three different geometries: a pyramid, a cone and a complex part. 
 
Introduction 
 
SPIF originated back in 1967 when Leszak patented the concept of forming sheets incrementally by 
using a single point tool [1]. This concept and the use of an ordinary milling machine was 
investigated by Jeswiet et al. who used this to produce a prototype of a headlight for a car [2] and 
Filice et al. who used different geometries to investigate formability [3]. An overview of SPIF may 
be found in the keynote paper by Jeswiet et al. [4]. 
 
Since SPIF is a relatively new sheet forming process and often performed on a CNC milling 
machine most researchers use CAM software designed for milling to program the movement of the 
tool. The ideal tool path is helical where the tool has continuous feed in all three directions. For 
unknown reasons most CAM programs do not have this option, instead profile milling is often used 
[4]. A profile milling tool path works well for all parts, but has a major drawback since a scarring is 
created where the tool steps down in the vertical direction. Another drawback is that a peak occurs 
in the axial force as the tool steps down [4]. As SPIF becomes more commonly applied it might be 
expected that CAM programs will have a SPIF option for producing helical tool paths suitable for 
SPIF. Until this happens other solutions must be found. 
 
The program Pro Engineer, which is applied in the present work, has a surface milling feature called 
“helical”, but it only works for SPIF if the geometry is axis symmetric. For non axis symmetric 
geometries the tool moves axially within one contour and the path cannot be considered helical. For 
a pyramid the tool plunges deeper in the corners causing a bulging of the bottom. This bulging 
results in fracture or non-planar bottom after forming.  
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Filice et al. used a helical tool path for formability testing [3]. This tool path was made using an 
Excel worksheet instead of commercial CAM software. This approach only works where the overall 
part geometry may be given as a simple mathematical expression. This paper presents a solution in 
the form of a dedicated program which converts a profile tool path to a helical tool path. The input 
for the program is the coordinates from the profile tool path. This means that milling software is 
still needed and the program can be thought of as an extra post processing. 
 
Geometries 
 
Three geometries are used for testing the program. Fig. 1 is a 196x196x55 mm pyramid with a 60° 
wall angle. Fig. 2 is a 196 mm diameter cone, 90 mm deep with a 45° wall angle converging into a 
triangle. Fig. 3 is a complex part inspired from the upper part of a truck muffler with wall angles 
ranging from 0° to 65°. The geometries are chosen to see how the program removes the scarring on 
planar sides on the pyramid, on curved sides on the cone and how it works for a complex part, such 
as the muffler part.  
 
   
Fig. 1 Pyramid Fig. 2 Cone Fig. 3 Muffler 
 
The program 
 
The idea of the program is simple. Instead of going directly from a CAD model to a helical tool 
path, a profile tool path is used as an intermediate step. The coordinates of a profile tool path 
contain information about the geometry and also divides the geometry into layers. The thickness of 
the layers is the same as the chosen step size.  
 
A simple example is used to illustrate how the program calculates the coordinates. Fig. 4 shows the 
points of two profiles belonging to two subsequent planes or layers of a geometry. For simplicity 
the number of points in each profile is limited to five and the profiles have been folded out. Points 
number 1 and 5 are the first and the last point on the periphery, which are coinciding. To begin with 
the program calculates the distance between the points in plane 1. They are summed up to L1,total see 
Eq. 1. The program also calculates the distances between each point in plane 1 and all the points in 
plane 2. As an example the distance between P1,1 and P2,1 is calculated in Eq. 2. This is used by the 
program to identify which point in plane 2 which is closest to each of the points in plane 1. 
 
P2,1 is identified as the closest point to P1,1 in plane 2. The three coordinates for the first helical 
point is calculated in Eq. 3 to 5. The first helical point becomes the same point as P1,1. The X 
coordinates for the second and third helical points are calculated in Eq. 6 and 7. Y and Z 
coordinates can be calculated in the same way. The X coordinate for the final helical point is 
calculated in Eq. 8 and this point is the same as P2,5. The helical points and helical tool path are 
indicated in Fig. 4. The helical points are located where the helical tool path crosses the dashed 
lines. 
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P1,1 P1,2 P1,3 P1,4 P1,5
P2,1 P2,2 P2,3 P2,4 P2,5
L1,1 L1,2 L1,3 L1,4
 
Fig. 4 Schematic outline of two subsequent, out-folded profiles 
and calculated points along helical tool path 
 
In Fig. 4 the helical tool path is not a straight line between P1,1 and P2,5. For a real profile tool path 
L1,total will be much larger than the step size which will result in a much more continuous helical 
tool path.  
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Generalized expressions for helical coordinates xhel,n, yhel,n, zhel,n, for a given point n in a given 
plane p can be seen in Eq. 9 to Eq. 11.   
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Where  and  are the coordinates in the plane p+1 which are closest to the coordinates 
 and  in the plane p as seen in Eq. 12. The last term in Eq. 12 could be removed, but is kept 
so as to use the actual distance. The distance between a given point n in the plane p and the 
following point n+1 is given in Eq. 13. The total curve length from the first to the last point in the 
plane p is given in Eq. 14 where t is the total number of points in the plane p. 
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To get a clear definition of the part, the program preserves the first and the last layer of the profile 
tool path. This means that the program starts out with a constant Z value for the first layer. As it 
passes the starting point it starts the helical tool path. When it reaches the lowest Z value it finishes 
this layer with a constant Z value. In Fig. 5 for illustrative purposes the step size is set to 10 mm for 
the pyramid and the helical tool path is shown in Fig. 6. Fig. 7 and Fig. 8 compare a section of the 
tool path for the cone before and after the helical program is used. 
 
 
 
Fig. 5 Profile tool path for pyramid 
with 10 mm step size 
Fig. 6 Helical tool path for pyramid 
with 10 mm step size 
 
  
 
Fig. 7 Profile tool path for the cone Fig. 8 Generated helical tool path for the cone 
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Testing 
 
The testing is aimed at demonstrating that the program works. A visual comparison is made 
between the parts made with the original profile tool path and the parts made with the helical tool 
path. The process parameters are: tool diameter 12 mm, feed rate 1000 mm/min, step size 0.5 mm, 
tool rotational speed 35 1/min and ProE tolerance is 0.01 mm. Lubrication is diluted cutting fluid 
and the milling machine is a Cincinnati Milacron - Sabre 750. 
 
     Pyramid. A big difference is noticed between the pyramid made with a profile tool path and a 
helical tool path. On the outer surface the scarring is removed completely, see Fig. 9 and Fig. 10. 
Also on the inside the scarring is removed, but a shadow remains where the scarring used to be. 
This is caused by a change in point density which causes the actual feed rate of the CNC machine to 
decrease a bit. The change in point density is created because the helical program leaves a point 
where the step down used to be. Since these points are placed along a line down the side they 
become visible. The shadow is barely visible, cannot be felt and is difficult to catch with a camera, 
see Fig. 11 and Fig. 12. 
 
 
Fig. 9 Outer surface of pyramid made with 
profile tool path 
 
Fig. 10 Outer surface of pyramid made with 
helical tool path 
  
 
Fig. 11 Inner surface of pyramid made with 
profile tool path 
 
Fig. 12 Inner surface of pyramid made with 
helical tool path 
 
Key Engineering Materials Vol. 344 587
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
61 
 
 
 
     Cone. Like for the pyramid the scarring is removed completely on the outside. On the inside a 
barely visible shadow remains, see Fig. 13 to Fig. 16. 
 
Fig. 13 Outer surface of cone made with 
profile tool path 
Fig. 14 Outer surface of cone made with 
helical tool path 
  
Fig. 15 Inner surface of cone made with 
profile tool path 
Fig. 16 Inner surface of cone made with 
helical tool path 
 
     Muffler. The muffler is an example of a geometry where the program does not work without 
modifications. The output contains an error in the layer which contains a horizontal plateau 
connecting the upper and the lower two sections of the muffler seen in Fig. 17 and Fig. 18. The 
error, which is marked with an arrow in Fig. 19, is a logical result of the way the program calculates. 
When determining the helical points for the last plane in section 1 and finding the corresponding 
points closest in the first plane in section 2, these points will be far from each other. This happens 
because the geometry contains a horizontal plateau which is not the bottom of the geometry. 
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Fig. 17 Section 1 of the muffler, 
tool path for Z from 0 mm to -35.5 mm 
 
Fig. 18 Section 2 of the muffler, 
tool path for Z from -35.5 mm to -74 mm 
 
 
Fig. 19 Helical tool path for muffler 
 
A way to work around this is to use the helical program on each section separately and then 
combine the two helical outputs. This results in a working tool path with only one non helical layer 
where the two helical outputs are linked. Compared with the muffler made with a profile tool path 
the result is still a huge improvement, see Fig. 20 and Fig. 21.  
 
 
Fig. 20 Muffler made with profile tool path 
 
Fig. 21 Muffler made with helical tool path 
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Discussion 
 
The helical program works as expected for the pyramid and the cone. For the muffler the 
coordinates have to be split up into two sections in order to produce the required part. This is not 
practical so the helical program does not remove the need for CAM software designed for SPIF 
entirely. However for most parts the program will work without problems.  
 
Using continues feed in three directions can be a problem for some CNC milling machines. The 
Cincinnati machine used for testing has problems maintaining a constant feed rate when applying 
feed in all three directions X, Y and Z at the same time. For feed rates higher than 1000 mm/min the 
machine starts to vibrate. Using the profile tool path the machine can handle 2000 mm/min without 
problems since it only moves in two axes at a time. This problem is caused by the high feed rates 
used in SPIF compared to milling. It has not been investigated whether this is only a problem for 
the machine applied or a general problem. 
 
For the three geometries the step size is set to 0.5 mm. If another step size or point density is 
requested this can be done by creating a profile tool path with the required settings and converting 
this into a helical tool path. The use of the helical program does not prevent adjustments of step size 
or point density.   
 
Conclusion 
 
The helical program offers an easy and inexpensive way of using helical tool paths for SPIF parts. 
All that is needed is a CAM program for creating a profile tool path and the helical program. In this 
way the scarring created by a profile tool path is removed. 
 
The helical program can be required by contacting the authors. 
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Single Point Incremental Forming using a Dummy Sheet  
M. Skjoedt1, M. B. Silva2, N. Bay1, P. A. F. Martins2, T. Lenau1 
 1Technical University of Denmark, Department of Manufacturing Engineering and 
Management, DTU - Building 425, DK-2800, Kgs. Lyngby, Denmark 
2IDMEC, Instituto Superior Tecnico, TULisbon, Av. Rovisco Pais, 1049-001 Lisboa, 
Portugal 
Keywords: Incremental forming, dummy sheet, friction, wear, surface quality, 
roughness. 
Abstract 
A new version of single point incremental forming (SPIF) is presented. This version 
includes a dummy sheet on top of the work piece, thus forming two sheets instead of 
one. The dummy sheet, which is in contact with the rotating tool pin, is discarded after 
forming. The new set-up influences the process and furthermore offers a number of 
new possibilities for solving some of the problems appearing in SPIF. Investigations of 
the influence of dummy sheet on: formability, wear, surface quality and bulging of 
planar sides is done by forming to test shapes: a hyperboloid and a truncated pyramid. 
The possible influence of friction between the two sheets is furthermore investigated. 
The results show that the use of a dummy sheet reduces wear of the work piece to 
almost zero, but also causes a decrease in formability. Bulging of the planar sides of 
the pyramid is reduced and surface roughness is increased. Lowering of friction 
between the two sheets by lubrication only influences roughness. Suggestions for 
applications of this new technique are discussed, among those SPIF of tribologically 
difficult materials like titanium and soft aluminium.  
1 Introduction 
SPIF is a relatively new sheet forming process. A sheet is clamped in a rig and formed 
incrementally using a rotating single point tool in the form of a rod with a spherical end, 
Figure 1. The process was discovered in 1967 when Leszak patented the concept of 
forming sheets incrementally by using a single point tool [1]. This concept was proven 
by Kitazawa et al. [2] by forming rotational symmetric parts in aluminium. The use of an 
ordinary milling machine for this process was later investigated by Jeswiet et al. [3] and 
Filice et al. [4]. A comprehensive overview of research on SPIF may be found in the 
keynote paper by Jeswiet et al. [5]. 
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forming 
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Figure 1: Schematic illustration of SPIF 
 
1.1 Dummy sheet setup 
The set-up with a dummy sheet implies forming two sheets together, Figure 2. The top 
sheet is the dummy, which may be discarded after forming. In traditional SPIF the work 
piece surface will be affected by the sliding of the forming tool. Using a dummy sheet 
the sliding is only affecting the dummy. The relative movement between dummy and 
work piece sheet is neglible. The dummy is an extra cost, but since SPIF is only an 
option for small quantity production or prototyping, the price of the dummy sheet is 
small compared to initial costs and the production costs. 
Backing Plate
Dummy Sheet
Sheet for Geometry
Clamping
Forming Tool
 
Figure 2: SPIF using a dummy sheet 
Forming two sheets together will increase applied forming loads. In most cases it will 
be desirable to keep the thickness of the dummy sheet at a minimum. Interface friction 
and difference in stress-strain characteristics of work piece and dummy sheet will 
determine, whether the sheets act like one sheet or like two separate sheets during 
forming. 
1.2 Geometries 
Two geometries are used for testing. Figure 3 is a 55 mm deep 196x196 mm truncated 
pyramid with a 60° wall angle. Figure 4 is a hyperboloid with increasing wall angle in 
vertical 15 mm sections and an initial diameter of 162 mm. 
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196 mm
Figure 3: Truncated pyramid 
65°55°
60°
65°
70°
75°
80°
 
Figure 4: Hyperboloid in steps  
The pyramidal geometry is chosen to investigate whether the dummy may suppress 
the problem of bulging of the four planar sides, which has been shown experimentally 
and by modelling [6;7]. The hyperboloid is used to compare formability with and without 
the dummy sheet. The increasing wall angle ensures a fracture before the tool reaches 
the bottom, Figure 5. In the present investigation the maximum depth before fracture is 
used as a measure of formability, but this depth also indicates the maximum wall angle 
for geometries similar to a cone. 
 
Figure 5: Fracture when forming the hyperboloid 
2 Experimental set-up 
All experiments in the main investigation are carried out using DC01 deep drawing 
steel. The dummy sheet is 0.5 mm thick and the work piece sheet is 1 mm. Three 
methods are compared: 
a) traditional SPIF of a single sheet  
b) SPIF with a dummy sheet with lubrication between the two sheets 
c) SPIF with a dummy sheet with dry friction between the two sheets 
The lubricant applied between the forming tool and the top sheet (dummy or work 
piece) is diluted cutting fluid. The tool path is a helical tool path generated with the 
program HeToPaC [8]. This is done because the CAM program used is not able to 
generate a truly helical tool path. The step size per revolution is 0.5 mm and a backing 
plate is used. The forming tool has a diameter of ø12 mm and a spherical tip. The 
speed of rotation is 35 rpm and feed rate is 1000 mm/min. As lubricant between the 
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two sheets a high viscosity plain mineral oil is applied. In the tests with dry friction 
between sheets these are cleaned with alcohol. Two replicates are done for each 
combination of method and geometry which allows for a statistical analysis. The 
experiments are performed in a random order. 
3 Results 
Results are analyzed using STATGRAPHICS plus 5.1. In all graphs the bars indicate 
95% least significant difference. This means that there is a significant difference 
between the mean values when the arrows do not overlap.  
3.1 Formability 
Formability is tested by comparing the fracture depths of the hyperboloid. As seen from 
Figure 6 the introduction of a dummy sheet clearly decreases formability. For 
traditional SPIF the average fracture depth is 69 mm which is in the 75° section of the 
hyperboloid. There is no significant difference between dry friction and lubrication 
between the sheets. The average fracture depth is around 54 mm corresponding to the 
70° section of the hyperboloid. The use of a dummy sheet thus seems to reduce the 
maximum wall inclination about 5° for this geometry. 
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Figure 6: Fracture depth for the hyperboloid for three SPIF methods  
It is of interest to compare these results with fracture depths of single sheets in the 
same material but with different thicknesses. Figure 7 shows increasing formability 
with increasing thickness in accordance with results by Jeswiet et al. [9] for aluminium. 
The combination of dummy sheet and a work piece sheet has a thickness of 1.5 mm, 
but as seen from Figure 6 the formability is far lower than for a single 1.5 mm sheet, 
which can be formed with an 80° angle. In fact the formability of the combined sheets is 
lower than that of a single 0.5 mm sheet, which can be formed to 75°. 
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Figure 7: Fracture depth as function of sheet thickness in mm for DC01 steel 
The reasons for the reduced formability are not investigated in detail in the present 
work. A possible explanation is that forming with a dummy sheet corresponds to 
forming the work piece sheet with a larger tool diameter. It has been shown by Hirt et 
al. [10] that increasing the tool diameter decreases the formability when forming a 
pyramid in DC04 steel.  
3.2 Wear 
Wear of the formed components is determined by comparing the weight before and 
after forming for both geometries. The wear (in grams) is converted into an average 
thickness by using the deformed area. The level of friction between the sheets has no 
significant influence on wear. Therefore method b and c are merged to compare 
traditional SPIF with SPIF using a dummy sheet, Figure 8. The average wear found in 
traditional SPIF is 0.25 μm and wear is close to zero when using a dummy sheet. 
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Figure 8: Average wear for traditional SPIF vs. SPIF using a dummy sheet 
3.3 Surface Quality 
A clear difference is noticed in appearance between the parts made by traditional SPIF 
and the parts made with a dummy sheet as seen in Figure 9 to Figure 12. The upper 
surface is rougher when using a dummy sheet because the smoothening effect of the 
tool is lost. Another phenomenon contributing to the rough surface could be that the 
dummy sheet allows free change in grain orientation during deformation. The rough 
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surface is not due to wear since wear is measured to being zero when using a dummy 
sheet. Measured roughness is also increased using a dummy sheet, Figure 13. Dry 
condition between sheets result in a lower roughness compared to using mineral oil 
between sheets. 
 
Figure 9: Pyramid formed with traditional 
SPIF 
Figure 10: Pyramid formed using a 
dummy sheet with dry friction 
  
Figure 11: Surface of hyperboloid formed 
with traditional SPIF 
Figure 12: Surface of hyperboloid using a 
dummy sheet with dry friction 
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Figure 13: Measured Ra roughness for the three SPIF methods 
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3.4 Bulging of pyramidal sides 
Bulging of the planar sides of the pyramid is measured using a hole depth caliper 
placed on side of the pyramid. The measured distance is between the middle of a 
straight line going from the corners of the pyramid and the formed surface, Figure 14.  
x
 
Figure 14: Position of measuring bulging on pyramid sides 
The use of a dummy sheet reduces the bulging from 1.93 mm to 1.73 mm, which is a 
10% reduction, Figure 15. No difference between method b and c is observed.  
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Figure 15: Results for bulging of the sides of the pyramid 
4 Applications 
4.1 Forming of soft aluminum sheets 
Forming of AA1050 H111 aluminum sheets of 1.5 mm thickness or more causes 
surface quality problems due to galling (pick-up of work piece material on the tool and 
subsequent scoring of the work piece surface). In some cases the tool removes 
considerable amount of work piece surface resulting in very poor surface quality, 
Figure 16. This problem can be solved using a steel dummy sheet avoiding direct 
contact of the tribologically difficult work piece material with the rotating tool, Figure 17 
and Figure 18.  
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Figure 16: Severe galling in forming of hyperboloid in 2 mm AA1050 H111 
 
Figure 17: Signs of galling in SPIF of 1.5 
mm AA1050 H111  
 
Figure 18: Surface quality in SPIF of 1.5 
mm AA1050 H111 using a 0.63 mm DC04 
steel dummy sheet 
 
To ensure that the good surface quality obtained with a 1 mm sheet compared to 1.5 
and 2.0 mm, is not due to variations in material properties, two 1 mm sheets are 
formed on top of each other. The result is galling similar to that obtained with the 2 mm 
sheet, Figure 19 and Figure 20 The problem might also be solved by using a larger 
tool or decreasing the step size, but this has yet to be investigated. 
Similar results as those shown in Figure 17 and Figure 18 are found when using a 2 
mm AA1050 H111 sheet and when forming a pyramid. The increase in roughness seen 
in Figure 9 to Figure 12, when forming two sheets of the same material, is not 
observed when forming AA1050 H111 with a steel dummy sheet. In fact the work piece 
surface changes from a rough and worn surface to a smooth surface.  
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Figure 19: No signs of galling in SPIF of 1 
mm AA1050 H111 
 
Figure 20: Galling on top sheet when 
forming two 1 mm AA1050 H111 sheets 
 
The reduction of formability observed when forming two steel sheets together in Figure 
6, is not observed when combining an aluminum sheet with a steel dummy sheet. In 
case of AA1050 H111 sheets of thickness 1.5 and 2 mm formability seems to be 
increased about 5° when using a 0.63 mm DC04 dummy sheet. The improved 
formability of 1.5 and 2 mm AA1050 H111, when using a dummy compared to that 
without, is most likely due to the poor surface quality in the latter case causing an early 
fracture. 
4.2 Other possible applications 
The possible applications of a dummy sheet on top of the work piece sheet are 
numerous. In cases where the contact between forming tool and part causes 
tribological problems the dummy sheet has already proven to be a solution as regards 
forming of aluminum. A similar application is suggested to solve the problem of galling 
of titanium sheets mentioned by Tanaka et al. [11] in forming a denture plate. Other 
applications could be forming of precoated sheets, perforated sheets and wire meshes. 
4.3 Dummy sheet as the bottom sheet 
The dummy sheet is not limited to being the top one contacting the tool pin. It might 
also be placed beneath the work piece sheet in order to increase formability. This idea 
will be subject for future work by the authors. In special cases two dummy sheets might 
be used creating a sandwich construction. The top dummy solves the tribological 
problems and the bottom one increases formability. 
5 Conclusion 
The use of dummy sheets offers a number of potentials for improving the SPIF 
process. The three most obvious variables to study as regards the dummy sheet are 
thickness, material and position (top or bottom). It has been shown that wear of the 
work piece sheet is removed and that bulging of planar sides is reduced. Further 
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investigations need to be done as regards the influence of thickness and different 
material combinations. It is believed that the right combinations will also allow for 
improving formability using the dummy as the bottom sheet.  
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Cordão de soldadura paralelo à direcção 
de laminagem.
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Cordão de soldadura perpendicular à 
direcção de laminagem. 
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2.0 
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Cordão de soldadura paralelo à direcção 
de laminagem.
 
1.5 
Cordão de soldadura paralelo à direcção 
de laminagem.
 
2.0 
Cordão de soldadura paralelo à direcção 
de laminagem.
Posição de estampagem invertida 
relativamente ao cordão de soldadura.  
 
  
2.0 
Cordão de soldadura perpendicular à 
direcção de laminagem. 
Posição de estampagem invertida 
relativamente ao cordão de soldadura .  
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Abstract
Knowledge of the physics behind the fracture of material at the transition between the inclined wall and the corner radius of the sheet
is of great importance for understanding the fundamentals of single point incremental forming (SPIF). How the material fractures, what
is the state of strain and stress in the small localized deformation zone and how these two subjects are brought together in order to
explain the overall formability of SPIF in terms of ductile damage are still not well understood. However, they are of great importance
for improving the robustness and enhancing the predictability of currently existing numerical models and for extending the scope of
industrial applications of the process. This paper attempts to provide answers to these questions by means of a new theoretical model for
rotational symmetric SPIF that was developed under membrane analysis with bi-directional in-plane contact friction forces.
r 2007 Elsevier Ltd. All rights reserved.
Keywords: Single point incremental forming; Fundamentals; Membrane analysis
1. Introduction
Single point incremental forming (SPIF) is a new sheet
metal forming process with a high potential economic
payoff for rapid prototyping applications and for small
quantity production.
Fig. 1 presents the basic components of the process:
(i) the sheet metal blank; (ii) the blankholder; (iii) the
backing plate; and (iv) the single point forming tool. The
tool path is generated in a CNC machining center and is
utilized to progressively form the sheet into a component.
During the process there is no backup die supporting the
back surface of the sheet.
Most investigations of SPIF have concerned applications
and formability limits of the process [1]. This observation
applies equally to experimental investigations as to the
small available amount of ﬁnite element studies.
The experimental investigations lead to the conclusion
that the formability of the process can be deﬁned in terms
of four major parameters: (i) thickness of the sheet; (ii) size
of the step down; (iii) speed; and (iv) radius of the forming
tool [1]. The inﬂuence of the ﬁrst and second parameters is
commonly explained by means of the sine law tf ¼ t0 sin l,
where t0 is the initial thickness, tf is the ﬁnal thickness, l is
the semi-cone angle and c ¼ p/2l is the drawing angle
between the inclined wall surface and the initial ﬂat
conﬁguration of the sheet. The speed of the forming tool
is known to inﬂuence formability because of its direct
inﬂuence on the frictional conditions at the tool–sheet
interface. In what concerns the radius of the forming tool it
is experimentally observed that better formability is
achieved with the utilization of smaller tools. Smaller tools
are claimed to be able to concentrate the strain at the zone
of deformation in the sheet under the forming tool,
whereas larger tools tend to distribute the strains over a
more extended area making the process more similar to
conventional stamping.
Despite the major contributions made by Matsubara [2],
Iseki and Kumon [3], Jeswiet and Hagan [4], Micari et al.
[5], Allwood et al. [6], Bramley et al. [7], Hirt et al. [8],
Duﬂou et al. [9] and many others, on the development of
industrial applications and better characterization of the
forming limits of the process, the mechanics of deformation
ARTICLE IN PRESS
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remains little understood due to the complexity and low
predictive ability of the ﬁnite element models that, so far,
have been employed to study the process. In fact, nowa-
days, SPIF is one of the very few if not the only sheet metal
forming process in which the advantage of experimentation
over theory is absolute even for solving the simplest
practical problem.
From what was mentioned before it can be concluded
that there is a need for a simple but effective theoretical
model that allows the inﬂuence of major fundamental
process parameters and their mutual interaction to be
studied both qualitatively and quantitatively.
Such a model must draw from the characterization of the
small plastic zone created by the single point forming tool
during incremental deformation to the physics behind the
onset of cracking at the region where the inclined wall of
the sheet is tangent to the corner in contact with the tool.
How material separates and cracks propagate along the
circumferential direction is still not well understood,
although being of great importance for understanding the
mechanics of deformation and for improving formability
and extending the applicability of the process.
In fact, the incremental nature of SPIF raises important
key questions that need to be properly addressed: What is
the state of strain and stress at the small plastic zone
created by the forming tool? What is the physics behind
cracking at the transition between the inclined wall and
the corner radius of the sheet being formed? Are the
cracks formed by shear or by tensile stresses? Is it possible
to explain the formability of SPIF being higher than that
of conventional stamping by means of damage based
concepts?
This paper attempts to provide answers to these issues by
means of a theoretical investigation based on membrane
analysis of the small plastic zone created by the single point
tool during forming of rotational symmetric components.
2. Membrane analysis of rotational symmetry SPIF
components
The governing mode of deformation in SPIF is subject of
controversy in the metal forming community [10]. Some
authors claim that deformation takes place by stretching
instead of shearing while others claim the opposite, but
assertions are mainly based on ‘similarities’ with well-
known processes of stamping and shear-spinning rather
than on achieved results or experimental evidence.
As it will be shown later in Section 3, examination of the
likely mode of material failure at the transition zone
between the inclined wall and the corner radius of the sheet
ARTICLE IN PRESS
Nomenclature
sy circumferential stress
sf meridional stress
st thickness stress
sY yield stress
m coefﬁcient of friction
l half cone angle of the component
c draw angle between the inclined wall and the
initial ﬂat conﬁguration of the sheet
t thickness of the sheet
t0 initial thickness of the sheet
tf ﬁnal thickness of the sheet
r radial coordinate
r2 radius of the element normal where it cuts the
z-axis
r1 radius of curvature of meridian at the element
(radius of the SPIF tool)
Fig. 1. Schematic representation of a cross section view of the rotational symmetric single point incremental forming (SPIF) process. The tool rotates
while performing a round (or helical) path.
M.B. Silva et al. / International Journal of Machine Tools & Manufacture 48 (2008) 73–8374
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is consistent with stretching, rather than shearing, being the
governing mode of deformation in SPIF.
This is the starting point for setting up an analytical
model for rotational symmetric SPIF based on membrane
analysis.
2.1. Small localized plastic zone
Fig. 2 shows a forming tool acting on a sheet during
rotational symmetric SPIF. The metal is stretched by
membrane forces, so that it conforms to the hemispherical
shape of the tool, forming a contact area between the tool
and the part of the sheet placed immediately ahead of the
moving tool. The contact area is characterized as a small zone
localized at the corner of the deforming sheet with a shape
resembling that of a radial slice (refer to picture in Fig. 2b).
The schematic drawings included in Figs. 2c and d
illustrate the shape of the localized plastic zone in two
limiting situations: (i) forming tool path without step down
during a circular tour yet not ﬁnished (Fig. 2c) and
(ii) forming tool path with a large step down (Fig. 2d). The
examination of these drawings together with the analysis of
the picture showing the experimentally observed smear–
mark interference between the tool and the surface of the
sheet (Fig. 2b) allows us to conclude that the instantaneous
small plastic zone typical of rotational symmetric SPIF can
be approximated by a local shell element CDEF as
depicted in Fig. 3.
The stress state acting in this element will be derived
from membrane equilibrium conditions under bi-direc-
tional contact friction forces.
2.2. Membrane equilibrium conditions
In general terms, the surface of revolution of a SPIF part
is described by the rotation of a radial slice containing the
local shell element about the symmetry z-axis. The normal
to the surface of the local shell element cuts the z-axis at the
point O and r2 is deﬁned as the corresponding radius. The
center of curvature lies at point Q on the normal and r1 is
the radius of curvature of the local shell element along the
meridian direction.
ARTICLE IN PRESS
Fig. 2. Rotational symmetric single point incremental forming: (a) schematic representation of the tool and sheet; (b) smear-mark resulting from the local
contact between the tool and sheet placed immediately ahead of tool; (c) schematic representation of the smear-mark in case of a forming tool path
without step down during a round tour yet not ﬁnished; (d) schematic representation of the smear-mark in case of a forming tool path with a large step
down.
M.B. Silva et al. / International Journal of Machine Tools & Manufacture 48 (2008) 73–83 75
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In SPIF the local shell element is subjected to normal
forces, shear forces, and bending moments. However, the
membrane analysis of plastically deforming shells will
neglect the bending moments and, because of axial
symmetry, assume the circumferentional, meridional, and
thickness stresses to be principal stresses. Further simplify-
ing assumptions that will be made in the following sections
of the present paper are: (i) material is assumed as rigid-
perfectly plastic; i.e. no strain-hardening effects are taken
into consideration; (ii) material is assumed isotropic; i.e. no
anisotropic effects are taken into consideration; and
(iii) the resultant friction stress exerted at the tool–sheet
contact interface is assumed to be made of two in-plane
components—a meridional component mfst due to the
step down movement of the tool and a circumferential
component myst due to circular (or helical) movement of
the tool combined with the rotational speed of the tool.
This last assumption, which is an untraditional way of
modeling friction introduced for convenience, implies that
the coefﬁcient of friction m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2f þ m2y
q
.
2.2.1. Circumferential direction
The stresses acting on the local shell element are
illustrated in Figs. 3b and c. The myst stress term along
the circumferentional direction is due to the tool–sheet
frictional contact interface and its point of application is
assumed to coincide with the center of element. Its sign is
dependent on the balance of the relative velocity between
the tool and the surface of the sheet.
Resolving the force equilibrium along the circumferen-
tial direction one obtains
syr1 da tþ
dt
2
 
 mystr1 da rþ
dr
2
 
dy
¼ ðsy þ dsyÞr1 da tþ
dt
2
 
ð1Þ
or,
dsy ¼ myst
rdy
t
ﬃ myst (2)
ARTICLE IN PRESS
A
B
C
F
E
D
dα
+d
dθ
σ
θ
σ
σ σ
σ
θ
s
y
m
m
e
tr
y
 a
x
is
(cut by a meridional plane)
t+dt
dr
r1
r2
r
t
top view
cross section view
φ φ
φ
O
Q
+dσ
θtool rotation
α
dα/2t
σ
σ
t
σσ
σ
dθ
+d
dα
σ
θ
θ
σ
detail view
θ
σ
cos α
sinα
φ φ
φ
dθ
2
+dσ σ
θ θ
sinθσ 2
dθ
sin dθ
2
dθ
2
sin
2
dθ
φ-μ
-μ
θ
σ
t
Fig. 3. Rotational symmetric single point incremental forming: (a) schematic representation of the shell element in perspective; (b) schematic
representation of the shell element after being cut by an axial meridional plane and as it is seen from the top; (c) detail of (b) showing the acting stresses.
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after neglecting higher order terms and assuming rdyEt.
The latter assumption comes from observation of micro-
graph in Fig. 2b showing the width of the smear mark in
circumferential direction to be of approximately the same
size as the sheet thickness, an approximation that also is
physical sensible.
2.2.2. Thickness direction
Resolving the force equilibrium along the thickness
direction (refer to Fig. 3c) one obtains,
strdyr1 daþ sfrdyt sin
da
2
þ ðsf þ dsfÞðrþ drÞdyðtþ dtÞ sin
da
2
þ syr1 dat sin
dy
2
cos aþ ðsy þ dsyÞ
 r1 dat sin
dy
2
cos a ¼ 0. ð3Þ
After neglecting higher order terms and simplifying the
above equation by taking into account that r2 ¼ r/cos a
and the identity in (2) one obtains
st
1
t
 my
2r2
 
þ sf
r1
þ sy
r2
¼ 0. (4)
Because the term my/2r2 placed inside the brackets is very
small when compared with 1/t it follows that Eq. (4) can be
further simpliﬁed as
st
t
þ sf
r1
þ sy
r2
¼ 0. (5)
In physical terms this last simpliﬁcation implies that the
frictional effects in the circumferential direction are
neglected in the analysis. This result will be very
advantageous in the forthcoming sections of the paper.
2.2.3. Meridional direction
The equilibrium condition of the local shell element in
the meridional direction gives (refer to Fig. 3c)
ðsf þ dsfÞðrþ drÞdyðtþ dtÞ  sfrdyt
þ mfstrdyr1 da sy
dy
2
r1 dat sin a
 ðsy þ dsyÞ
dy
2
r1 dat sin a ¼ 0, ð6Þ
where, mfst is the average or net frictional stress in the
meridional direction and dsyﬃmyst, included in the last
term of Eq. (6), derives from the projection of the
circumferential build-up of friction along the meridional
direction.
After neglecting higher order terms and simplifying the
above equation by taking into account that dr ¼ r1 da sin a,
one obtains
dsf
dr
þ sf  sy
r
þ st
mf
t sin a
þ my
2r
 
þ sf
t
dt
dr
¼ 0. (7)
Because rbtsin a, the previous equation can be rewritten in
the following simpliﬁed form:
dsf
dr
þ sf  sy
r
þ mfst
t sin a
þ sf
t
dt
dr
¼ 0. (8)
In physical terms this last equation conﬁrms, once again,
that the frictional effects in the circumferential direction
may be neglected in the analysis. As a result of this, the
forthcoming sections of the paper will make use of the
following approximation of the friction coefﬁcient, mﬃmf.
3. Applications
This section combines the characterization of the open-
ing mode of the cracks found in rotational symmetry SPIF
with the analysis of the states of strain and stress, the role
of friction and the evolution of thickness in the small
localized plastic zone. The analysis is performed by means
of the new proposed theory of rotational symmetric SPIF
based on membrane analysis that was presented in Section
2 and its overall objective is to provide answers for the
fundamental key questions that were listed in the
introductory section of the paper (Section 1).
3.1. Opening mode of cracks
Examination of the likely mode of material failure at the
transition zone between the inclined wall and the corner
radius of the sheet (refer to Fig. 4) allow us to conclude
that the opening mode of the cracks occurring in rotational
symmetric SPIF (e.g. truncated cone shape) is similar to
that of conventional stamping or deep drawing. Cracks are
opened by meridional tensile stresses sf (mode I of fracture
mechanics) and not by in-plane tyf shearing stresses (mode
II of fracture mechanics).
The characterization of the typical crack propagation
paths that are experimentally observed in SPIF will only be
addressed at the end of the paper but the explanation that
will then be given is compatible with the above mentioned
ARTICLE IN PRESS
Fig. 4. Typical cracks that may occur in a rotational symmetric SPIF
component (truncated cone shape).
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key role of the meridional tensile stresses sf in the opening
mode of cracks.
Under these circumstances, the governing mode of
deformation in rotational symmetric SPIF is stretching
although some minor shearing effects are expected to arise
as a consequence of the contact with friction between the
forming tool and the surface of the sheet. The shearing
effects are not taken into account by the membrane
analysis presented in Section 2 and may be responsible
for eventual deviations between the actual and the assumed
principal stresses. This sort of deviation is a well-known
limitation of the analysis of metal forming processes by
means of slab-based methodologies that is frequently
referred in classical textbooks.
3.2. State of stress and strain
The stress state acting in the local shell element that
conforms to the hemispherical shape of the tool (refer to
BC in Fig. 5) can be derived from the previous membrane
equilibrium equations under plane strain conditions.
Using the simpliﬁed form of the membrane equilibrium
equation in the thickness direction (5) and taking into
account the geometrical conditions prevailing in BC (r2cr1
and r2ct, refer to Fig. 3 for deﬁnition of these variables), it
follows that the ratio between the circumferential stress sy
and the radius r2 normal to the surface of the local shell
element in Eq. (5) can be neglected,
sy
r2
ﬃ 0. (9)
Hence, Eq. (5) can take the following simpliﬁed form:
st
t
þ sf
r1
¼ 0. (10)
Under these circumstances, the following relation between
the normal contact pressure p ¼ st acting on the local shell
element, the meridional stress sf, the thickness of the sheet t
and the radius of the forming tool (r1 ¼ rtool) can be derived,
st ¼ sf
t
rtool
. (11)
The full characterization of the state of stress in the small
localized plastic zone can now be easily obtained after
assuming that SPIF of a rotational symmetric truncated cone
shape is performed under plane strain conditions. This
assumption is experimentally corroborated by the work of
Jeswiet et al. [1,11] and Micari et al. [5].
By considering the Levy–Mises constitutive equations in
plane strain conditions,
dy ¼ 0! sy ¼ 12ðst þ sfÞ (12)
the principal stresses acting on the element can be
identiﬁed as
sf ¼ s140,
sy ¼ s2,
st ¼ s3o0, ð13Þ
where, |st|o|sf|, because rtool4t (refer to Eq. (11)).
Although the relative values of the principal stresses may
vary with process parameters related to the thickness t of
the sheet and to the radius rtool of the forming tool (Fig. 6),
the term s1–s3 should be constant according to Tresca
yield criterion and equal to the ﬂow stress of the sheet (sY
under perfectly plastic material assumptions). Inserting in
Eq. (11) this leads to the following equation for calculating
the meridional stress sf acting in the local shell element:
sf ¼
sY
1þ t=rtool
   . (14)
It is worth noticing that sY is to be replaced by s ¼ Ken in
case of a material obeying a power law strain hardening
curve and t ¼ t0 sin l according to the geometric relation-
ship provided by the sine law.
3.3. Damage and formability
Because cracks are opened by meridional tensile stresses
sf it is possible to conclude from the analysis of Eq. (14)
that formability is expected to decrease when the thickness
t of the sheet diminishes or when the radius rtool of the
forming tool increases. In addition to this, material strain-
hardening is expected to be advantageous in terms of
formability since strain hardening results in the expansion
of the deformation zone leading to less strain localization.
These qualitative predictions based on the new proposed
theory are in agreement with the excellent state-of-the-art
review of SPIF technology performed by Jeswiet et al. [1]
and also with results reported by Micari et al. [12].
As it is shown in Fig. 6 a decrease in the thickness t of the
sheet and/or an increase in the radius rtool of the forming
tool will result in a shift of the Mohr circle further into the
tensile region. This will lead to an increase of the
hydrostatic stress sm ¼ sy and, hence, to a higher rate of
accumulated damage. The reduction of the overall form-
ability of the process is, therefore, inevitable. This
conclusion is consistent with the damage coupled ﬁnite
ARTICLE IN PRESS
Fig. 5. Schematic representation of a cross section view of the SPIF
process by a meridional plane. The shaded zone BC illustrates the local
shell element on the surface of the intermediate conﬁguration of the sheet
that conforms to the hemispherical shape of the forming tool.
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element investigation on the inﬂuence of the radius of the
forming tool on formability by Hirt et al. [13].
As it will be seen in Section 3.5, the friction at the
tool–sheet contact interface will result in a build-up
(Dsf)BC of the meridional stresses that will lead to an
additional shift of the Mohr circle into the tensile region.
Contact with friction is therefore expected to decrease the
overall formability of the forming process. Experimental
results provided by Carrino et al. [14] conﬁrm this fact.
A recurrent question in SPIF is why formability is higher
than that of alternative stamping (or deep-drawing) processes
[1,11]. A possible answer to this question is often provided in
terms of the beneﬁts of concentrating the strain at the zone of
deformation in the sheet under the forming tool. However, an
alternative answer can be provided by comparing the
principal stresses acting in the corner of the rotational
symmetric sheet metal parts formed by SPIF and by
conventional stamping (or deep-drawing) processes,
SPIF ðrotational symmetricÞ
sf ¼ s1 ¼
sY
1þ t=rtool
  40
sy ¼ s2 ¼
1
2
ðs1 þ s3Þ,
st ¼ s3 ¼ sY
t
ðrtool þ tÞ
o0,
Conventional stamping ½15
sf ﬃ sy ¼ s1 ¼
sY
1þ t=rpunch
  40.
st ¼ s3 ¼ sY
t
ðrpunch þ tÞ
o0. ð15Þ
The principal stresses in Eq. (15) show that the
circumferential stress sy in stamping (or at the punch nose
in deep drawing) is equal to the meridional stress sf giving
rise to biaxial stretching. Because the level of hydrostatic
stress sm in biaxial stretching is higher than that of plane
strain stretching conditions it follows that the rate of
accumulated damage in stamping (or deep drawing) grows
faster than in SPIF (Fig. 7). This result explains why the
overall forming limit line of SPIF is higher than that of
conventional stamping processes.
The forming limit line of rotational symmetric SPIF is
included in Fig. 7 as a dashed line e1+e2 ¼ C located in the
plane strain region of the principal strain space (e1,e2). This
limiting line is drawn based on experimental data for the
truncated cone provided in literature [5,11]. The line is
parallel to the strain path for pure shear e1 ¼ e2 as well as
to the limiting condition for local necking e1+e2 ¼ n of a
deforming sheet of a material that obeys a general
stress–strain power law s ¼ Ken.
3.4. Friction at the tool–sheet contact interface
The resultant friction force exerted at the tool–sheet
contact interface is made of two in-plane components; a
meridional component due to the step down movement of
the tool and a circumferential component due to the
circular (or eventually helical) tool path of the rotating
tool. It was shown in Section 2.2 that the frictional effects
along the circumferential direction can be neglected
implying that only the friction forces exerted in the
meridional directional need to be taken into account.
Starting from the simpliﬁed form of the membrane
equilibrium condition in the meridional direction (8) and
neglecting the variation in thickness dt/drﬃ0 one obtains
dsf
dr
þ sf  sy
r
þ mst
t sin a
¼ 0. (16)
Substituting st and sy by Eqs. (11) and (12) one obtains
dsf
dr
þ 1
2
sf
r
1þ t
rtool
 
þ mst
t sin a
¼ 0. (17)
The above equation can be further simpliﬁed by neglecting
the second term, due to the fact that r is a large number
and (1+t/rtool)E1, and by substituting st in accordance to
Eq. (11),
dsf
dr
 sf
m
rtool sin a
¼ 0. (18)
Integration of Eq. (18) along the meridional length of the
small localized plastic zone originated by the geometrical
interference between the contour of the tool and that of the
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Fig. 6. Schematic representation of the state of strain (a) and stress
(b) during rotational symmetric SPIF.
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sheet placed immediately ahead (noting that dr/da ¼
rtool sin a), gives
sf ¼ sfBexpmj, (19)
where the angle j is deﬁned in Fig. 8.
The change in the meridional stress (Dsf)BC due to
friction can be estimated as
ðDsfÞBC ¼ sfC  sfB ¼ sfBðexpmDj  1Þ. (20)
This result indicates that the meridional stress sf will
increase with r as a result of friction at the tool–sheet
contact interface. It also explains why the onset of cracking
is placed at the transition between the inclined wall and
the corner radius of the component being formed (refer to
Fig. 4).
However, the increase of meridional stresses due to
friction is not expected to greatly inﬂuence the overall
formability of the process due to small variations in the
exponential term of Eq. (20) in the typical range of friction
coefﬁcients m. This result is in agreement with the work
of Carrino et al. [14] experimentally observing the
differences in formability of SPIF due to friction only to
be signiﬁcant at extreme conditions (e.g. lubricated vs.
non-lubricated).
The analysis of thinning that will be performed in the
following section of the paper will further corroborate the
above mentioned localization of the onset of cracking.
3.5. Thinning at the corner radius
As the sheet is formed under the single point incremental
tool, it is also thinned. Starting from the following
simpliﬁed form of the membrane equilibrium condition
in the meridional direction neglecting friction (refer to
Eq. (8)),
dsf
dr
þ sf  sy
r
þ sf
t
dt
dr
¼ 0 (21)
and substituting st and sy by Eqs. (11) and (12) one obtains
dsf
dr
þ 1
2
sf
r
1þ t
rtool
 
þ sf
t
dt
dr
¼ 0. (22)
The above equation can be further simpliﬁed by neglecting
the second term (refer to Section 3.4),
dsf
dr
þ sf
t
dt
dr
¼ 0. (23)
Integration of Eq. (23) along the meridional length of the
local shell element gives
ln sf ¼  ln tþ C (24)
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Fig. 8. Detail of the cross-sectional view of the local shell element with
variables utilized in the integration of friction along the meridional
direction.
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and for the boundary conditions at r ¼ rB, sf ¼ sfB and
t ¼ t0,
ln
sf
sfB
¼ ln t0
t
! sf ¼ sfB
t0
t
. (25)
The physical meaning of Eq. (25) is that reduction in
thickness t tends to balance the rise in the meridional stress
sf so that sft is constant in the small localized zone being
plastically deformed. The schematic geometrical interpre-
tation is provided in Fig. 9.
From what was mentioned before it follows that
although the variation in the wall thickness of the inclined
surface of the sheet can be adequately estimated by means
of the sine law t ¼ t0 sin l, the reason why thinning occurs
has to do with the meridional tensile stresses sf acting in
the small localized zone being plastically deformed.
According to Eq. (25) and Fig. 9a thinning is most
pronounced at the transition between the inclined wall
and the corner radius of the sheet. Increase in the
meridional stress sf due to bending over point C [15],
ðDsfÞbend ¼
sY t
4rtool
1þ ðsfÞC
sY
 2( )
(26)
is expected to promote additional localized thinning as it is
schematically shown in Fig. 9b.
Eq. (26) is similar to that usually accounted in stamping
(or deep drawing) [15] and further corroborates the
experimentally observed onset of cracking in rotational
symmetric SPIF components.
3.6. The inclined wall surface of the sheet adjacent to the
forming tool
To conclude the characterization of the stress ﬁeld in the
radial slice of the component containing the small localized
plastically deforming region it is interesting to extend the
membrane analysis to the inclined wall of the sheet placed
at the vicinity of the single point forming tool (refer to zone
CD in Fig. 5).
Using the simpliﬁed form of the membrane equilibrium
equation in the thickness direction (5) and noticing the
absence of curvature r1 ¼N as well as the contact pressure
st ¼ 0 on the surface of the local element CD, one obtains
st
t
þ sf
r1
þ sy
r2
¼ 0! sy ¼ 0. (27)
In physical terms this result is compatible with the fact that
during rotational symmetric SPIF with a constant draw
angle c the inclined wall maintains its geometry after being
formed.
Since the meridional stresses sf are the only stresses
acting in this region it is possible to set-up the following
equilibrium condition based on the stretching force that is
supported by the inclined wall of the sheet,
sfCrCtC dy ¼ sfDrDtD dy (28)
or
sfD ¼ sfC
rC
rD
, (29)
considering that the thickness of the inclined wall of the
sheet remains unchanged, tC ¼ tD ¼ t0 sin l.
According to Eq. (29), the meridional stress sf decreases
along the inclined wall of the sheet being higher at the
transition point C and smaller at point D. Because the
meridional stress at point C must be kept below the yield
stress (for a perfectly-plastic material), it follows that the
inclined wall surface of the sheet adjacent to the forming
tool is elastic,
0osf ¼ s1osY ,
sy ¼ st ¼ 0, ð30Þ
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Fig. 9. Schematic representation of the variation in thickness along the meridional direction in the local shell element utilized for modeling the small
plastic zone located at the corner of the rotational symmetric components: (a) evolution of thinning as predicted by the new proposed membrane analysis;
(b) localization of thinning in point C as a result of bending effects that were not taken into consideration in the membrane analysis.
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This result together with the stress analysis performed in
the previous sections of the paper allows plotting the
schematic representation of the stress ﬁeld in a radial slice
of the SPIF component that contains the small localized
plastic zone as it is depicted in Fig. 10.
To conclude the analysis of the fundamentals of SPIF it
is necessary to explain the origin of the two different types
of crack propagation paths that are usually found in
rotational symmetric parts (Fig. 11); (i) the circumferential
straight crack propagation path and (ii) the circumferential
‘zigzag’ crack propagation path.
The circumferential straight propagation path (Fig. 11c)
is similar to that usually found in conventional stamping
or deep drawing operations (Fig. 11d) and it is a clear
evidence that crack opening in SPIF is triggered
by stretching mechanisms due to meridional tensile
stresses sf.
The ‘zigzag’ crack propagation path (Fig. 11b) is also
triggered by meridional tensile stresses sf but its morphol-
ogy, bouncing around the circumferential direction, is
probably caused by friction towards the rotating forming
tool. In fact, the position of the neutral velocity line at the
contact interface between the tool and the sheet may cause
crack propagation, after attainment the onset conditions at
point ‘o’, to follow at some angle d with the meridional
direction (Fig. 11a). After reaching point ‘a’ the crack will
be considerably away from the small plastic deformation
zone, where the level of applied stresses is high, and will be
located within the inclined (conical) surface of the
component undergoing elastic deformation. In other
words, the tip of the crack in ‘a’ will be under a much
lower level of meridional stresses than at the onset point
‘o’. As a consequence, propagation of the crack will stop
and the rotation of the tool will drag it to point ‘b’ where
the level of applied stresses will be, once again, capable of
restoring the onset conditions and restarting crack
propagation. This mechanism of crack initiation and
propagation will be recursively repeated leading to the
‘zigzag’ morphology of the cracks that can be experimen-
tally observed in SPIF.
Another possibility for explaining the experimentally
observed differences between the propagation paths
ARTICLE IN PRESS
Fig. 10. Schematic representation of the stress ﬁeld in the radial slice of
the component being formed that contains the local shell element utilized
for the membrane analysis of SPIF.
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Fig. 11. Crack propagation in SPIF: (a) schematic illustration of the typical crack propagation path in SPIF; (b) circumferential zigzag crack propagation
path; (c) circumferential straight crack propagation path; (d) circumferential straight crack propagation path in a rotational symmetric partobtained by
conventional deep-drawing.
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depicted in Fig. 11 can be set-up on the basis of the physics
behind crack opening mechanisms. This possibility, yet to
be evaluated, argues that in some materials the attainment
of a maximum value of the meridional tensile stresses sf
permits localized necking to develop in the form of a
groove at some angle d with the meridional direction (refer
to Fig. 11a and b) while in other materials this will only
account for the development of diffuse necking (Fig. 11c).
The reason why this possibility must be further analyzed is
due to the fact that the part in Fig. 11b is made of
conventional deep drawing steel, while the part in Fig. 11c
is made of deep drawing stainless steel. Stainless steel is
known to have a much higher strain hardening coefﬁcient
than conventional steel and, therefore, a much lower
tendency to experience local necking crack growing
mechanisms.
4. Conclusions
The paper presents the ﬁrst closed-form analytical model
for SPIF. The model is built upon membrane analysis and
is based on the experimental observation of the smear-
mark interference between the tool and the surface of the
sheet and on the examination of the likely mode of material
failure at the transition zone between the inclined wall and
the corner radius of the sheet. Cracks in SPIF are claimed
to be opened by meridional tensile stresses and not by in-
plane shearing stresses.
The new proposed model is able to address the
fundamentals of the process and to qualitatively explain
the experimental and numerical results that were made
available in the literature for the past couple of years.
Strain hardening and anisotropy were not taken into
consideration while bending effects were only indirectly
included in the analysis. However, the proposed model can
be further enhanced to include some of these limitations.
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Abstract: In recent work, the present authors constructed a closed-form analytical model that
is capable of dealing with the fundamentals of single-point incremental forming (SPIF) and
explaining the experimental and numerical results published in the literature over the past
couple of years. The model is based on membrane analysis with in-plane contact frictional
forces but is limited to plane strain, rotationally symmetric conditions.
The aim of the present paper is twofold: first, to extend the previous closed-form analytical
model into a theoretical framework that can easily be applied to the different modes of
deformation that are commonly found in general single-point incremental forming processes
and, second, to investigate the formability limits of SPIF in terms of ductile damage mechanics
and the question of whether necking does, or does not, precede fracture.
Experimentation by the present authors, together with data retrieved from the literature,
confirms that the proposed theoretical framework is capable of successfully addressing the
influence of the major parameters of the SPIF process. It is demonstrated that neck formation is
suppressed in SPIF, so that traditional forming limit diagrams are inapplicable to describe
failure. Instead fracture forming limit diagrams should be employed.
Keywords: single-point incremental forming, membrane analysis, formability
1 INTRODUCTION
Single-point incremental forming (SPIF) is a new
sheet-metal-forming process with a high-potential
economic pay-off for rapid prototyping applications
and for small-quantity production.
Figure 1 presents the basic components of the
process:
(a) the sheet metal blank;
(b) the blank holder;
(c) the backing plate;
(d) the rotating single-point forming tool.
The tool path is generated in a computer numerical
control (CNC) machining centre and is utilized to
form progressively the sheet into a component.
During the process there is no backup die support-
ing the back surface of the sheet.
SPIF was patented in 1967 by Leszak [1] and
was proven to be feasible by Kitazawa et al. [2] in
forming rotational symmetric parts in aluminium.
The capability study of using an ordinary
CNC milling machine instead of a special-purpose
machine-tool apparatus later performed by Jeswiet
[3] and Filice et al. [4] was the starting point for the
successful and rapid development of the process.
Most studies on SPIF have concerned experimen-
tal investigations on applications and formability
limits, and also a limited number of finite element
studies have been carried out. A comprehensive
overview of the research on SPIF may be found in
the keynote paper by Jeswiet et al. [5] and other
*Corresponding author: Departamento de Engenharia Mecanica,
Instituto Superior Tecnico, Seccao de Tecnologia Mecanica,
Avenida Rovisco Pais, Lisboa, 1049-001, Portugal. email:
pmartins@ist.utl.pt
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significant contributions to the development of
industrial applications, and characterization of the
formability limits of the process can be found in the
papers by Hagan and Jeswiet [6], Leach et al. [7],
Fratini et al. [8], Allwood et al. [9], Bambach et al.
[10], and Duflou et al. [11].
So far, the experimental investigations lead to the
conclusion that the formability of the process can be
defined in terms of four major parameters [5]:
(a) thickness of the sheet;
(b) relative size of the step down per revolution (or
the drawing angle);
(c) speed (both rotational and feed rate);
(d) radius of the forming tool.
The influence of the first and second parameters is
commonly explained by means of the sine law
tf5 t0 sin l, where t0 is the initial thickness, tf is
the final thickness, l is the semicone angle, and
y5 p/22l is the drawing angle between the inclined
wall surface and the initial flat configuration of the
sheet (see Fig. 1). The speed of the forming tool is
known to influence formability because of its direct
influence on the frictional conditions at the tool–
sheet interface [5]. In what concerns the radius of
the forming tool it is experimentally observed that
better formability is achieved with the utilization of
smaller tools. It is claimed that smaller tools are able
to concentrate the strain at the zone of deformation
in the sheet under the forming tool, whereas larger
tools tend to distribute the strains over a more
extended area, making the process more similar to
conventional stamping [5].
In what concerns finite element analysis, studies
reported in the literature have been mainly disclos-
ing that numerical modelling of SPIF is a complex
task, requiring the utilization of a large number of
very small elements everywhere on the sheet, which
often leads to prohibitive central processing unit
times. Moreover, such studies are generally limited
to examples where experimentation had been pre-
viously performed, meaning that computations are
not being employed predictively.
The widespread utilization of dynamic explicit
finite element computer programs for increasing the
‘know-how’, and to compensate for the gap of
understanding of the mechanics of SPIF, often gives
answers that are not helpful owing to poor accuracy
of the overall numerical predictions. In fact, the
limitations of dynamic explicit formulations in
properly characterizing quasi-static sheet-metal-
forming processes due to the artificial increase in
the inertia terms in the equilibrium equations is a
well-known problem that is comprehensively docu-
mented in the literature [12]. This means that more
concentrated efforts must be made to develop
alternative quasi-static implicit formulations that
are capable of effectively and efficiently modelling
SPIF [13].
Even if the great difficulties in analysing SPIF by
the finite element method were not actual, it is good
practice to obtain improved understanding of the
process by establishing a simple but effective
algebraic theoretical model that allows the major
process parameters to interact with each other in a
set of equations that can be employed in both
Fig. 1 Schematic representation of a cross-sectional view of the rotationally symmetric SPIF
process. The tool rotates while performing a round (or helical) path
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qualitative and quantitative predictions. This re-
search will shortly appear [14].
The aim of the present paper is to extend the
previous closed-form analytical model for plane
strain, rotationally symmetric conditions into a
theoretical framework, founded on the physics of the
process, that can easily handle the different modes of
deformation that are commonly found in SPIF. The
approach is based on the utilization of membrane
equilibrium conditions under contact frictional forces
in conjunction with the characterization of the small
localized region being incrementally plastically de-
formed, and a better understanding of the ductile
damage mechanisms behind the onset and propaga-
tion of cracks. The overall presentation is supported
by experimental results obtained by the present
authors and by data retrieved from the literature.
2 THEORETICAL BACKGROUND
The governing mode of deformation in SPIF has been
subject to controversy in the metal-forming commu-
nity [15]. Some researchers have claimed that defor-
mation takes place by stretching instead of shearing
while others have claimed the opposite, but assertions
are mainly based on ‘similarities’ with well-known
processes of stamping and shear spinning rather than
on experimental evidence from SPIF itself.
As will be shown later in section 3, examination of
the likely mode of material failure at the transition
zone between the inclined wall and the corner radius
of the sheet is consistent with the fact that stretch-
ing, rather than shearing, is the governing mode
of deformation in SPIF. This agrees with a recent
published work by Allwood et al. [16] which
identifies the mechanics of SPIF as being a combi-
nation of stretching and bending deformation
modes instead of vertical shear as initially proposed
by other workers. In connection with this it is
important to distinguish vertical shear from the
concept of through-thickness shear that is presented
in reference [16] as a possible explanation for the
increased forming limits of SPIF.
The aforementioned conclusion that in-plane
stretching is the principal mode of deformation in
SPIF is the starting point for setting up the
theoretical framework of SPIF presented in the
following sections of the paper.
2.1 Small localized plastic zone
Figure 2(a) shows a schematic outline of the forming
tool acting on a (transparent) sheet during SPIF. The
metal is stretched by membrane forces, so that it
conforms to the hemispherical shape of the tip of the
pin tool, forming a contact area between the tool and
the part of the sheet placed immediately ahead of
the moving tool.
Parts produced by SPIF may have complex shapes
but, in general terms, it is possible to classify all
possible tool paths as combinations of those that are
schematically depicted in Fig. 2. This leads to the
identification of three basic modes of deformation
that are associated with the following:
(a) flat surfaces under plane strain stretching
conditions;
(b) rotationally symmetric surfaces under plane
strain stretching conditions;
(c) corners under equal biaxial stretching conditions.
It is worth noting that in between these modes of
deformation there are other possibilities where
neither plane strain stretching nor equal biaxial
stretching appears. However, the analytical model to
be presented in the paper will be focused only on the
extreme modes of deformation that are likely to be
found in SPIF.
The examination of these modes of deformation
together with the analysis of the pictures showing
the experimentally observed smear-mark interfer-
ences between the tool and the surface of the sheet
(Fig. 2(b)) allows it to be concluded that the
instantaneous small plastic zone typical of SPIF
can be approximated by one of the shapes plotted
in Fig. 2(c). The states of strain and stress
acting in these zones will be derived from the
membrane equilibrium conditions of a local shell
element CDEF under contact frictional forces
(Fig. 3).
2.2 Membrane equilibrium conditions
The surface of a SPIF part is characterized by the
local shell element depicted in Fig. 3. The normal to
the surface of the local shell element cuts the z axis
at the point O and r2 is defined as the corresponding
radius. The centre of curvature lies at point Q on the
normal and r1 is the radius of curvature of the local
shell element along the meridian direction.
In SPIF the local shell element is subjected to
normal forces, shear forces, and bending moments.
However, the membrane analysis of plastically
deforming shells will neglect the bending moments
and, assuming axial symmetry and friction to be
rather small, the circumferential, meridional, and
thickness stresses may be considered as principal
Single-point incremental forming and formability–failure diagrams 17
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stresses. Further simplifying assumptions that will
be made in the following sections of the present
paper are as follows.
1. The material is assumed to be rigid–perfectly
plastic, i.e. no strain-hardening effects are taken
into consideration.
2. The material is assumed to be isotropic, i.e. no
anisotropic effects are taken into consideration.
3. The resultant frictional stress exerted at the tool–
sheet contact interface is assumed to be made of
two in-plane components: a meridional compo-
nent mwst due to the step-down movement of the
tool and a circumferential component mhst due to
the circumferential feed combined with the
rotation of the tool. This last assumption, which
is an untraditional way of modelling friction
Fig. 2 Schematic representation of the volume element resulting from the local contact
between the tool and sheet placed immediately ahead of tool, and identification of the
basic modes of deformation of SPIF: A, flat surface under plane strain stretching
conditions; B, rotationally symmetric surface under plane strain stretching conditions; C,
corner under biaxial stretching conditions. Note that the insets show images of typical
cracks occurring in deformation modes B and C
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introduced for convenience, implies that the
coefficient of friction m~
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2wzm
2
h
q
.
2.2.1 Circumferential direction
The stresses acting on the local shell element are
illustrated in Figs 3(b) and (c). The mhst stress term
along the circumferential direction is due to the
tool–sheet frictional contact interface, and its point
of application is assumed to coincide with the centre
of the element. Its sign is dependent on the balance
of the relative velocity between the tool and the
surface of the sheet.
Resolving the force equilibrium along the circum-
ferential direction results in
shr1 da tz
dt
2
 
{mhstr1 da rz
dr
2
 
dh
~ shzdshð Þr1 da tzdt
2
 
ð1Þ
Which, after neglecting higher-order terms and
assuming r dh< t, gives
dsh~{mhst
rdh
t
&{mhst ð2Þ
Fig. 3 Membrane analysis for the SPIF: (a) schematic representation of the shell element in
perspective; (b) schematic representation of the shell element after being cut by an axial
meridional plane and as it is seen from the top; (c) detail of (b) showing the acting
stresses
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The latter assumption, r dh< t, comes from observa-
tion of the micrographs in Fig. 2(b) showing the
width of the smear mark in the circumferential
direction to be of approximately the same size as the
sheet thickness, an approximation that also is
physically sensible.
2.2.2 Thickness direction
Resolving the force equilibrium along the thickness
direction (see fig. 3(c)) gives
str dh r1 dazswr dh t sin
da
2
 
z swzdsw
 
rzdrð Þ dh tzdtð Þ sin da
2
 
zshr1 da t sin
dh
2
 
cos a
z shzdshð Þr1 da t sin dh
2
 
cos a~0 ð3Þ
After neglecting higher-order terms and simplifying
the above equation by taking into account that
r25 r/cosa and the identity in equation (2)
st
1
t
{
mh
2r2
 
z
sw
r1
z
sh
r2
~0 ð4Þ
Because the term mh/2r2 placed inside the parenth-
eses is very small when compared with 1/t it follows
that equation (4) can be further simplified to
st
t
z
sw
r1
z
sh
r2
~0 ð5Þ
In physical terms this last simplification implies that
the frictional effects in the circumferential direction
are neglected in the analysis. This result will be very
advantageous in the forthcoming sections of the
paper.
2.2.3 Meridional direction
The equilibrium condition of the local shell element
in the meridional direction gives (see Fig. 3(c))
swzdsw
 
rzdrð Þ dh tzdtð Þ{swr dh t
zmwstr dh r1 da{sh
dh
2
r1 da t sin a
{ shzdshð Þ dh
2
r1da t sin a~0 ð6Þ
where mwst is the average or net frictional stress in
the meridional direction and ds0<2mhst, included
in the last term of equation (6), derives from the
projection of the circumferential build-up of friction
along the meridional direction.
After neglecting higher-order terms and simplify-
ing the above equation by taking into account that
dr5 r1 da sin a
dsw
dr
z
sw{sh
r
zst
mw
t sin a
z
mh
2r
 
z
sw
t
dt
dr
~0 ð7Þ
Because r& t sin a, the previous equation can be
rewritten in the simplified form
dsw
dr
z
sw{sh
r
z
mwst
t sin a
z
sw
t
dt
dr
~0 ð8Þ
In physical terms this last equation confirms, once
again, that the frictional effects in the circumfer-
ential direction may be neglected in the analysis. As
a result of this, the forthcoming sections of the paper
will make use of the following approximation of the
friction coefficient: m< mw.
3 THEORY APPLIED TO GENERAL SPIF PARTS
This section combines the characterization of the
opening mode of the cracks found in rotationally
symmetric SPIF with the analysis of the states of
strain and stress, the role of friction, and the
evolution of thickness in the small localized plastic
zones depicted in Fig. 2. The analysis is performed
by means of the membrane equilibrium conditions
presented in section 2, and it is aimed to set up a
theoretical framework that can help the physics of
the process to be understood and can model the
basic modes of deformation that are usually found in
general SPIF parts.
3.1 State of stress and strain
The stress state acting in the local shell element that
conforms to the hemispherical shape of the tool (see
BC in Fig. 4) can be derived from the previous
membrane equilibrium equations applied to the
three basic modes of deformation associated with
the following:
(a) flat surfaces under plane strain stretching
conditions (shell element A in Fig. 2(c));
(b) rotationally symmetric surfaces under plane
strain stretching conditions (shell element B in
Fig. 2(c));
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(c) corners under equal biaxial stretching condi-
tions (shell element C in Fig. 2(c)).
3.1.1 Flat and rotationally symmetric surfaces (shell
elements of type A and B)
Combining the simplified form of the membrane
equilibrium equation in the thickness direction
(equation (5)) with the geometrical conditions
prevailing in BC (r2 & r1 and r2& t; see Figs 3 and 4
for definition of these variables), it follows that the
ratio of the circumferential stress sh to the radius r2
normal to the surface of the local shell element can
be neglected; thus
sh
r2
&0 ð9Þ
Hence, equation (5) can take the following simplified
form
st
t
z
sw
r1
~0 ð10Þ
Under these circumstances, the relation between the
normal contact pressure p52st acting on the local
shell element, the meridional stress sw, the thickness
of the sheet t, and the radius of the forming tool
(r15 rtool) can be derived as
st~{sw
t
rtool
ð11Þ
The full characterization of the state of stress in the
small localized plastic zone can now be easily
obtained after assuming that SPIF of flat and
rotationally symmetric surfaces is performed under
plane strain conditions (deh5 0 and dew52det). This
assumption is experimentally corroborated by the
work of Jeswiet and co-workers [5, 17], Filice et al.
[4], and Hirt et al. [18].
By considering the Levy–von Mises constitutive
equations in plane strain conditions
deh~0 ? sh~1=2 stzsw
  ð12Þ
the principal stresses acting on the element can be
identified as
sw~s1w0
sh~s2 s1ws2ws3ð Þ
st~s3v0
ð13Þ
where |st|, |sw|, because rtool. t (see equation (11)).
Although the relative values of the principal stresses
may vary with process parameters related to the
thickness t of the sheet and to the radius rtool of the
forming tool, the term s12s3 should be constant
according to the Tresca yield criterion and equal to the
flow stress of the sheet (sY, under perfectly plastic
material assumptions). Inserting this in equation (11)
leads to the equation for calculating the meridional
stress sw acting in the local shell element, given by
sw~
sY
1zt=rtoolð Þ ð14Þ
It is worth noting that sY is to be replaced by s5Ke
n
in the case when the material obeys a power law
strain-hardening curve and t5 t0 sin l according to
the geometric relationship provided by the sine law.
3.1.2 Corners (shell element of type C)
The corners of the sheet metal parts produced by
SPIF are assumed to be plastically deformed under
Fig. 4 Schematic representation of a cross-sectional view of the SPIF process by a meridional
plane. The shaded zone BC illustrates the local shell element on the surface of the
intermediate configuration of the sheet that conforms to the hemispherical shape of the
forming tool
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equal biaxial stretching conditions (dew5deh. 0,
det, 0, and sw5 sh). This complies with the state-
of-the-art review by Jeswiet et al. [5] and the
numerical modelling by Hirt et al. [19], who
disclosed biaxial stretching conditions at the corners
of a pyramid shape component.
Using the simplified form of the membrane
equilibrium equation (5) in the thickness direction
and taking into account the geometrical conditions
prevailing in BC (r25 r1; see Figs 3 and 4 for
definition of these variables), it follows that
st
t
z2
sw
r1
~0 ð15Þ
Under these circumstances, the relation between the
normal contact pressure p52st acting on the local
shell element, the meridional stress sw, the thickness
of the sheet t, and the radius of the forming tool
(r15 rtool) can be derived as
st~{2sw
t
rtool
ð16Þ
The full characterization of the state of stress in the
small localized plastic zone located at the corners of
the SPIF parts can be easily obtained, after taking
into consideration the aforementioned assumption
of equal biaxial stretching conditions, as
sw~sh~s1w0
st~s3v0 ð17Þ
where |st|, |sw|, because rtool. 2t (see equation
(16)).
Although the relative values of the principal
stresses may vary with process parameters related
to the thickness t of the sheet and to the radius rtool
of the forming tool, the term (s1 – s3) should be
constant according to the Tresca yield criterion and
equal to the flow stress of the sheet (sY, under
perfectly plastic material assumptions). Inserting
this in equation (16) leads to the following equation
for calculating the meridional stress sw acting in the
local shell element given by
sw~sh~
sY
1z2t=rtoolð Þ ð18Þ
Table 1 summarizes the states of stress and strain
that are commonly found in general SPIF processes
and compares their values with those of conven-
tional stamping. These values will be of major
importance in the following sections of the paper.
3.2 Friction at the tool–sheet contact interface
The resultant frictional force exerted at the tool–
sheet contact interface consists of two in-plane
components: a meridional component due to the
step-down movement of the tool and a circumfer-
ential component due to the circular (or eventually
helical) tool path of the rotating tool. It was shown in
section 2.2 that the frictional effects along the
circumferential direction can be neglected, implying
that only the frictional forces exerted in the
meridional direction need to be taken into
account.
Starting from the simplified form of the mem-
brane equilibrium condition in the meridional
direction (8) and neglecting the variation in thick-
ness, dt/dr< 0, gives
dsw
dr
z
sw{sh
r
z
mst
t sin a
~0 ð19Þ
Solving equation (19) is divided into the three basic
modes of deformation:
Table 1 States of stress and strain that are commonly found in general SPIF processes and conventional stamping
Assumption State of strain State of stress Hydrostatic stress
SPIF (flat and rotational symmetric
surfaces)
Plane strain
conditions
dew~{detw0
deh~0
detv0
sw~s1~
sY
1zt=rtool
w0
sh~s2~1=2 s1zs3ð Þ
st~s3~{sY
t
rtoolzt
v0
sm~
sY
2
rtool{t
rtoolzt
SPIF (corners) Equal biaxial
stretching
dew~dehw0
detv0
sw~sh~s1~
sY
1z2t=rtool
w0
st~s3~{2sY
t
rtoolz2tð Þv0
sm~
2sY
3
rtool{t
rtoolz2t
Conventional stamping (rotational
symmetric surfaces) [21]
Equal biaxial
stretching
dew~dehw0
detv0
sw~sh~s1~
sY
1zt
	
rpunch
w0
st~s3~{sY
t
rpunchzt
 v0
sm~
2sY
3
rpunch{t=2
rpunchzt
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(a) flat surfaces under plane strain stretching
conditions (shell element A in Fig. 2(c));
(b) rotationally symmetric surfaces under plane
strain stretching conditions (shell element B in
Fig. 2(c));
(c) corners under equal biaxial stretching condi-
tions (shell element C in Fig. 2(c)).
3.2.1 Flat surfaces under plane strain stretching
conditions
In this case, r5‘, implying that equation (19) is
reduced to
dsw
dr
z
mst
t sin a
~0 ð20Þ
Inserting (11) and introducing a instead of r by the
relation dr5 rtool sin a da give
dsw
sw
~m da ð21Þ
which by integration along the meridional line leads
to
sw~swB exp
mQ ð22Þ
where the angle Q5 p/22a is shown in Fig 5.
3.2.2 Rotationally symmetric surfaces under plane
strain stretching conditions
Substituting st and sh in equation (19) using
equations (11) and (12) and inserting again
dr5 rtool sin a da result in
dsw
dr
z
1
2
sw
r
1z
t
rtool
 
{
msw
rtool sin a
~0 ð23Þ
The above equation can be rewritten as
dsw
sw
~m da{
1
2r
1z
t
rtool
 
dr ð24Þ
which by integration leads to
sw~swB
rB
r
  1zt=rtoolð Þ=2
expmQ ð25Þ
For rB & r1 it follows that r< rB, implying that
sw~swB exp
mQ ð26Þ
giving rise to an equation identical with that ob-
tained for the flat surface.
3.2.3 Corners under equal biaxial stretching
conditions
Applying equal biaxial stretching conditions (sw5 sh)
in equation (19)
dsw
dr
z
mst
t sin a
~0 ð27Þ
and substituting st from equation (16) gives
dsw
sw
~2m da ð28Þ
which by integration leads to
sw~swB exp
2mQ ð29Þ
i.e. an expression similar to the foregoing cases of
plane strain conditions except for the factor 2 in the
exponent. A general expression for the meridional
stress including plane strain as well as equal biaxial
stress is then given by
sw~swB exp
kmQ ð30Þ
where k takes a value equal to 1 or 2 for plane strain
or equal biaxial strain respectively.
Fig. 5 Detail of the cross-sectional view of the local
shell element with the variables utilized in the
integration of friction along the meridional
direction
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The change in the meridional stress (Dsw)BC due to
friction can be estimated as
Dsw
 
BC
~swC{swB~swB exp
kmDQ{1
  ð31Þ
This result indicates that the meridional stress sw will
increase with increasing r as a result of friction at the
tool–sheet contact interface and that the rate of
increase in the corners (where k5 2) is higher than
in the flat and rotationally symmetric surfaces
(where k5 1). It also explains why the onset of
cracking is placed at the transition between the
inclined wall and the corner radius of the compo-
nent being formed (see Fig. 2).
However, the increase in meridional stresses due
to friction is not expected to influence greatly the
overall formability of the process, owing to small
variations in the exponential term of equation (31) in
the typical range of friction coefficients m. This result
is in agreement with the experimental work of
Carrino et al. [20], who observed that the differences
in formability of SPIF due to friction were only
significant in extreme conditions (e.g. lubricated
versus non-lubricated).
3.3 Thinning at the corner radius
As the sheet is formed under the single-point
incremental tool, it is also thinned. Starting from
the simplified form of the membrane equilibrium
condition in the meridional direction neglecting
friction (see equation (8)) given by
dsw
dr
z
sw{sh
r
z
sw
t
dt
dr
~0 ð32Þ
the solution of this equation is divided into two
different cases – first, plane strain stretching condi-
tions (shell elements A and B in Fig. 2(c)) and,
second, equal biaxial stretching conditions (shell
element C in Fig. 2(c)).
3.3.1 Plane strain stretching conditions
Substituting equations (11) and (12) into equation
(32) gives
dsw
dr
z
1
2
sw
r
1z
t
rtool
 
z
sw
t
dt
dr
~0 ð33Þ
Flat surfaces where r5‘ and rotationally sym-
metric surfaces where r& t imply that the
relation between the second and third terms of
equation (33) is
1
2
sw
r
1z
t
rtool
 
%
sw
t
dt
dr
ð34Þ
which inserted in equation (33) gives
dsw
dr
z
sw
t
dt
dr
~0 ð35Þ
3.3.2 Equal biaxial stretching conditions
Inserting equal biaxial stretching conditions, sh5 sw,
in equation (32) leads back to the same equation (35)
as for plane strain, implying that solving equation
(35) is the same for all three basic modes of
deformation. Integration of equation (35) along the
meridional length of the local shell element gives
ln sw~{ln tzC ð36Þ
and for the boundary conditions at r5 rB, sw~swB ,
and t5 t0
ln
sw
swB
~ln
t0
t
?sw~swB
t0
t
ð37Þ
The physical meaning of equation (37) is that the
reduction in thickness t tends to balance the rise in
the meridional stress sw so that swt is constant in the
small localized zone being plastically deformed. The
schematic geometrical interpretation is provided in
Fig. 6.
Fig. 6 Schematic representation of the evolution of
thinning along the meridional direction in the
local shell element utilized for modelling the
instantaneous small plastic deformation zone
typical of SPIF
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From what was mentioned before, it follows that,
although the variation in the wall thickness of the
inclined surface of the sheet can be approximately
estimated by means of the sine law t5 t0 sin l for
plane strain conditions (Fig. 7), the reason why
thinning occurs has to do with the meridional tensile
stresses sw rather than shear acting in the small
localized zone being plastically deformed. According
to equation (37) and Figs 6 and 7, thinning is most
pronounced at the transition point C between the
inclined wall and the corner radius of the sheet.
The increase in the meridional stress sw due to
bending over point C can be computed in a similar
way to that currently performed in stamping (or
deep drawing) [21] and is given by
Dsw
 
bend
~
sYt
4rtool
1z
sw
 
C
sY
" #28<
:
9=
; ð38Þ
and further corroborates the experimentally observed
location of the onset of cracking in SPIF components.
3.4 The inclined wall surface of the sheet
adjacent to the forming tool
To conclude the characterization of the stress field in
the radial slice of the component containing the
small localized plastically deforming region, it is
interesting to extend the membrane analysis to the
inclined wall of the sheet placed at the vicinity of the
single-point forming tool (see zone CD in Fig. 4).
Using the simplified form of the membrane
equilibrium equation (5) in the thickness direction
and noting the absence of curvature r15‘ as well as
the contact pressure st5 0 on the surface of the local
element CD, it is found that
st
t
z
sw
r1
z
sh
r2
~0?sh~0 ð39Þ
In physical terms this result is compatible with the fact
that during SPIF with a constant draw angle y the
inclined wall maintains its geometry after being formed.
Since the meridional stresses sw are the only
stresses acting in this region, it is possible to set up
the equilibrium condition based on the stretching
force that is supported by the inclined wall of the
sheet according to
sw
C
rCtC dh~sw
D
rDtD dh ð40Þ
or
sw
D
~sw
C
rC
rD
ð41Þ
Fig. 7 Experimental variation in the thickness with the depth along two meridional cross-
sections of a truncated conical shape with various drawing angles y. The horizontal
dashed lines included in the figure present the thickness estimates provided by the sine
law. Note that the material is aluminium AA1050-H111 and the insets show pictures of
the cross-sections parallel and perpendicular to the rolling direction and a detail of a
crack triggered in a location perpendicular to the rolling direction
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considering that the thickness of the inclined wall of
the sheet remains unchanged if the half-cone angle l
of the component is kept constant: tC5 tD5 t0 sin l.
According to equation (41) the meridional stress sw
decreases along the inclined wall of the sheet, being
higher at the transition point C and smaller at point
D. Because the meridional stress at point C must be
kept below the yield stress (for a perfectly plastic
material), it follows that the inclined wall surface of
the sheet adjacent to the forming tool is elastic
according to
0vsw~s1vsY
sh~st~0 ð42Þ
This result together with the stress analysis per-
formed in the previous sections of the paper allow
the schematic representation of the stress field to be
plotted in a radial slice of the SPIF component that
contains the small localized plastic zone as depicted
in Fig. 8, for the case of plane strain.
4 FORMABILITY
There are two basic experimental procedures for
determining whether a sheet metal part of a specific
material can be made by SPIF. Both procedures
make use of simple benchmark tests performed with
different shapes with various angles (e.g. truncated
cone and the pyramid shapes, among others) in
order to represent all the possible combinations of
shapes that are usually found in a production part.
One experimental procedure makes use of conven-
tional circle grid analysis to characterize the forming
limit curve in the principal strain space (e1, e2); the
other employs the maximum drawing angle ymax
that a material can undertake as a function of the
initial thickness t0 of the sheet.
As far as circle grid analysis is concerned, limit
curves found for SPIF are often referenced to the
usual type of forming limit diagram employed in
sheet metal processing, where necking is the
criterion of ‘failure’. However, as will be shown,
experiments demonstrate that formation of necks is
suppressed in SPIF and failure is by fracture directly
following uniform material thinning. As far as the
present authors are aware, there is no theoretical
background behind the second procedure of using
ymax as a criterion of failure, nor how the two
procedures may be related.
All these aspects of spifability will be examined in
the following sections.
4.1 Variation in the thickness of SPIF parts and
absence of necking
Experimenters, in relating limit strains in SPIF with
the limit strains given in conventional forming limit
diagrams, have observed that limit strains from SPIF
when plotted in principal strain space (e1, e2) are
usually placed much higher than those of conven-
tional sheet-metal-forming processes [4, 17]. Now to
link the conventional forming limit diagram strains
with SPIF limiting strains presumes that the failure
modes in the two processes are the same, i.e.
necking is the limiting criterion. If SPIF limiting
strains seem to exceed those of the forming limit
diagram, it could be that the presumption of necking
as the limit in SPIF is in error.
To answer this question any possible experimental
evidence of localized necking in SPIF should be
checked first. This is crucial, because the existence of
strain levels well above the forming limit curve of
conventional sheet-metal-forming processes may
instead be taken as a sign that SPIF parts are
formed without necking. Indeed, it will be shown
that the locus of failure strains in SPIF much
more resembles the so-called fracture forming limit
diagram [22].
Fig. 8 Schematic representation of the stress field in
the radial slice of the component being formed
that contains the local shell element utilized for
the membrane analysis of SPIF. Note that the
distribution of stress shown above is valid only
for plane strain conditions because, in the
case of biaxial stretching, sw5 sh in the small
plastic zone BC located at the corner of the
components
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Careful measurements were taken of the evolu-
tion of thickness with depth along two meridional
cross-sections of a truncated conical shape with
various drawing angles y made from an aluminium
AA1050-H111 sheet of 1 mm initial thickness.
Figure 7 reveals that plastic deformation takes place
by uniform thinning until fracture. In other words,
there is no experimental evidence that localized
necking takes place before reaching the onset of
fracture.
As far as theory is concerned, if SPIF were to be
limited by necking, flat and rotationally symmetric
surfaces (shell elements A and B) would only be able
to trigger necks along the circumferential direction
because of Hill’s condition for a localized neck to be
formed along a line of zero extension dew5 0, under
plane strain loading sh5 sw/2 (anisotropy is neg-
lected – see Fig. 9 (a)); thus
dew~dewcos
2azdehsin
2a~0
tan2a~{
dew
deh
~
2sw{sh
sw{2sh
[a~ p
2 ð43Þ
where a is the angle of the neck to the meridional
direction. If SPIF were to be limited by necking at
the equally biaxial stretched corners of a SPIF part
(shell element C), it would be difficult to conclude
anything because localized neck formation in the
positive e1–positive e2 quadrant is still an open
Fig. 9 Forming limits due to necking (tearing) and fracture: (a) schematic illustration of the
hypothetical principle that SPIF is limited by necking; (b) experimental evidence that
SPIF is limited by fracture without necking
Single-point incremental forming and formability–failure diagrams 27
JSA340 F IMechE 2008 J. Strain Analysis Vol. 43
2008 PhD Project by Martin Skjoedt 
 
 
Department of Mechanical Engineering 
Technical University of Denmark 
123 
 
 
 
research topic in plasticity (experimentally, necks
tend to form at right angles to the principal strain
direction in such circumstances). Irrespective of that
theoretical gap, the experimental evolution of thick-
ness with depth along two meridional cross-sections
of a truncated conical shape with various drawing
angles y depicted in Fig. 7 reveals that plastic
deformation takes place by uniform thinning until
fracture without experimental evidence of localized
necking.
Additional evidence that formability is limited by
fracture without previous necking is the inclined
cross-sectional shape of the crack to the sheet
surface depicted in Fig. 9(b).
Under these circumstances the suppression of
necking seems to be the key mechanism that,
together with the low growth rate of accumulated
damage, is capable of ensuring the high levels of
formability in SPIF.
Suppression of necking is not unknown in sheet
metal forming. For example, Arndt et al. [23]
investigated the formation of multiple necks in the
biaxial expansion of annuli of ductile sheets, and
showed that the continuous growth of necks was
only possible if the following two necessary and
sufficient conditions for the formation of necks in
plane strain were fulfilled.
1. The incremental strain parallel to the neck must
be zero.
2. The strain perpendicular to the neck should be
equal to the plane strain necking limit (i.e. equal
to n). This is the same as the familiar uniaxial
condition of axial strain e15 2n for localized
necking when the neck is inclined to the direction
of tension and the axes of the neck are not the
axes of the specimen.
In other work, Hu and Daehn [24] also showed that
limit strains are expected to increase under high-
velocity sheet-metal-forming conditions owing to
the suppression of necking.
In the case of SPIF, suppression of necking is
not concerned with inertial effects as with high-
velocity sheet metal forming, and the lack of
necking is concerned with the inability to grow.
Thus, if a neck were to form in the small plastic
deformation zone in contact with the incremental
forming tool, it would have to grow around the
circumferential bend path that circumvents the tool
(see equation (43) for the circumferential direction
of propagation). This is difficult and creates prob-
lems of neck development. Even if the conditions for
localized necking could be met in the small plastic
deformation zone in contact with the tool, growth
would be inhibited by the surrounding material
which experiences considerably lower levels of
stress.
The conditions for suppression of localized
necking mentioned above do not occur in conven-
tional sheet-metal-forming processes owing to
uniform loading and deformation conditions. In
fact, differences between neighbouring, plasti-
cally deforming regions in conventional sheet-
metal-forming processes are much smaller than in
SPIF and, therefore, growth of necking is easily
ensured.
4.2 Hydrostatic stress in SPIF
Assuming proportional loading, it is possible to
conclude that the level of the hydrostatic stress sm
at the corners of a SPIF part (shell element C) is
approximately 33 per cent higher than that exerted
in the other flat and rotationally symmetric surfaces
(shell elements A and B). This is caused by the
aforementioned differences between the existing
modes of deformation – equal biaxial stretching at
the corners and plane strain at the other surfaces,
given by
smð Þbiaxial
smð Þplane strain
~
4
3
rtoolzt
rtoolz2t
&
4
3
ð44Þ
In addition, the triaxiality ratio sm/sY that is
known to play an important role in the
formability of materials [22] is higher in conven-
tional stamping because the radius of the conven-
tional stamping tools is usually much larger than
that of the incremental forming tools, rpunch& rtool;
thus
sm
sY
 
stamping
w sm
sY
 
biaxial
w sm
sY
 
plane strain
u
2
3
rpunch{t=2
rpunchzt
w 2
3
rtool{t
rtoolz2t
w 1
2
rtool{t
rtoolzt
ð45Þ
As an example the present authors have manu-
factured a truncated cone shape of 158 mm dia-
meter using a rig with a backing plate of 165 mm
diameter and a hemispherical single-point tool
of 12 mm diameter. Inserting these forming cond-
itions into equation (45), the relationships ob-
tained when comparing with conventional stamping
with punches of 153 mm and 155 mm diameter
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respectively are
sm
sY
 
stamping
w sm
sY
 
biaxial
w sm
sY
 
plane strain
[
0:66w0:42w0:36 (t~1 mm)
0:64w0:27w0:25 (t~2 mm)
(
ð46Þ
Since the level of the triaxiality ratio sm/sY in
conventional stamping is higher than that of SPIF,
it can be concluded that the rate of accumulated
damage in stamping grows more rapidly than in
SPIF. This explains why the forming limits of SPIF
are higher than those of conventional stamping
processes. In addition, the triaxiality ratio in equ-
ation (45) also explains the reason why the onset of
cracks during the incremental forming of pyramid-
shape components is preferentially located at the
corners – the corners experience equal biaxial
stretching while the side flat surfaces are plastically
deformed under plane strain conditions.
It is also interesting to observe that, according to
equation (46), different initial thicknesses of the sheet
will provide significant variations in the overall
triaxiality ratio of SPIF (around 30 per cent in the
example based on truncated cone shape) but only very
small variations (around 3 per cent) in the triaxiality
ratio of conventional stamping, i.e. an increase in the
initial thickness of the sheet helps especially to
increase the overall formability of SPIF processes.
As a final note on equation (45), it should be
observed that the influence of the radius rtool of the
tool on the triaxiality ratio sm/sY is opposed to that of
the thickness and, consequently, formability is ex-
pected to increase when the radius of the forming tool
decreases. The qualitative predictions based on the
new proposed theoretical framework are plausible and
in good agreement with experimental observations
reported by Jeswiet et al. [5] and by Fratini et al. [8].
4.3 Damage and forming limits
A full understanding of the forming limits of SPIF
requires a combination of the previous results
obtained from ductile damage analysis based on
the level of the triaxiality ratio sm/sY with an
adequate characterization of the morphology of the
cracks. From what was mentioned before, it is
possible to conclude that plastic deformation in
SPIF takes place by uniform thinning (without
necking) until fracture. The fracture forming limit
in SPIF (see the line labelled FFL in Fig. 10) can be
characterized by means of ductile damage me-
chanics based on void growth models.
Fracture occurs when a damage function, which
usually takes the form
D~
ðef
0
f
sm
s
 
de ð47Þ
reaches a critical value Dc [22]. When necking
occurs, the integral is split into two parts (up to
necking, and after necking to fracture) because the
normalized hydrostatic stress varies with loading
path before necking but is the same within all necks
(since they form and propagate in plane strain). This
means that the rate of growth of damage ‘changes
gear’ on necking [22]. However, since necking is
absent in SPIF, the integral is performed in one step.
Assuming the Tresca yield criterion, linear loading
paths, and that f(sm/s¯) takes the simple form sm/s¯,
the total amount of accumulated damage for plane
strain SPIF conditions is
Dc~
ðef
0
sm
s
de~
1
2
rtool{t
rtoolzt
e
plane strain
1
de~dew~de1, s~sY ð48Þ
and in equal biaxial stretching SPIF conditions it is
(the Tresca yield criterion is utilized and a linear
loading path is assumed)
Dc~
ðef
0
sm
s
de~
2
3
rtool{t
rtoolz2t
2ebiaxial1
de~{det~2de1, s~sY ð49Þ
If the critical damage value Dc at the onset of
cracking is assumed to be path independent, and
solving equations (48) and (49) for e1, it is possible to
set up the identity
ebiaxial1 {e
plane strain
1
ebiaxial2 {0
~
3
4 rtoolz2tð Þ= rtool{tð Þ½ {2 rtoolztð Þ= rtool{tð Þ½ 
3
4 rtoolz2tð Þ= rtool{tð Þ½ 
~{
5 rtool=tð Þ{2
3 rtool=tð Þz6 ð50Þ
Equation (50) gives the slope of the fracture forming
line in principal strain space (e1, e2) (see line labelled
FFL in Fig. 10). For typical experimental values of
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rtool/t in the range from 2 to 10, the slope derived
from equation (50) will vary between 20.7 and 21.3
and will support the assumption that the fracture
forming limit in SPIF can be approximately expres-
sible in the form e1 + e25 q, where et52q is the
thickness strain at the onset of fracture in plane
strain conditions. This result is in close agreement
with the typical loci of failure strains in conventional
sheet-forming processes, where the slope of the
fracture forming line is often about 21 [25].
The rotation of the tool seems to be responsible
for the two different types of crack growth mechan-
ism that are usually found in SPIF parts (Fig. 11):
(a) the circumferential straight crack propagation
path;
(b) the circumferential ‘zigzag’ crack propagation
path.
The circumferential straight propagation path
(Figs 11(d) and (e)) is similar to that usually found
in conventional stamping operations and this is clear
evidence that crack opening in SPIF is triggered by
stretching mechanisms due to meridional tensile
stresses sw. The ‘zigzag’ crack propagation path
(Fig. 11(c)) is also triggered by meridional tensile
stresses sw but its morphology, bouncing around the
circumferential direction, appears to be the result of
stretching mechanisms combined with kinematic
flow conditions at the contact interface between the
tool and the sheet.
Under these circumstances, the difference be-
tween straight and ‘zigzag’ types of crack propaga-
tion path observed in Figs 11(c) and (d) are probably
caused by friction towards the rotating forming tool.
In fact, the position of the neutral velocity line at the
contact interface between the tool and the sheet may
cause in some cases the crack propagation, after
attainment of the onset conditions at point o, to
follow at some angle d to the meridional direction
(Fig. 11(a)). After reaching point a the crack will be
considerably away from the small plastic deforma-
tion zone, where the level of applied stresses is high,
and will be located within the inclined (conical)
surface of the component undergoing elastic defor-
mation. In other words, the tip of the crack at a will
be under a much lower level of meridional stresses
than at the onset point o. As a consequence,
propagation of the crack will stop and the rotation
of the tool will drag it to point b where the level of
applied stresses will be, once again, capable of
restoring the onset conditions and restarting crack
propagation. This mechanism of crack initiation and
Fig. 10 Schematic representation of the forming limits of SPIF (labelled FFL) against that of
conventional stamping and deep-drawing processes (labelled FLC) in the principal
strain space (e1, e2)
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propagation will be recursively repeated, leading to
the ‘zigzag’ morphology of the cracks that can be
experimentally observed in Fig. 11(c).
4.4 Maximum drawing angle
Characterizing formability by the maximum drawing
angle ymax was proposed by Jeswiet et al. [26], and
ymax is commonly seen as an artificial index for
representing material formability in SPIF [5]. The
results available in the literature show that the
maximum drawing angle ymax is directly propor-
tional to the initial thickness t0 of the sheet and the
experimental trend is claimed to be a consequence
of the sine law and of the shear spinnability relation
due to Kegg [27].
It is thus important to verify whether the new
proposed theoretical framework for SPIF is capable
of providing an analytical relationship between the
drawing angle y and the initial thickness t0 of the
sheet that is compatible with the experimental
trends reported in the literature. If this objective
proves to be successful, the determination of form-
ability based on the maximum drawing angle will be
provided with a theoretical background that is, for
the first time, compatible with the fact that the
governing mode of deformation in SPIF is stretching
rather than shearing.
Starting from the meridional stress sw acting in the
local shell element (equations (14) and (18) for plane
strain or biaxial stretching conditions respectively)
and substituting the actual thickness t by the sine
Fig. 11 Crack propagation in SPIF: (a) schematic illustration of two different crack propagation
paths in plane strain, rotationally symmetric conditions; (b) schematic illustration of the
typical crack propagation path in biaxial stretching, rotationally symmetric conditions;
(c) zigzag crack in plane strain, rotationally symmetric conditions; (d) straight crack in
plane strain, rotationally symmetric conditions; (e) crack in biaxial stretching,
rotationally symmetric conditions. Note that the in-plane stresses sh are not plotted,
in order to ensure better readability of the figures
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law t5 t0 sin l, it is found that
sw
sY
~
1
1z kt0 sin lð Þ=rtool ð51Þ
or
sin l~
sY
sw
{1
 
rtool
kt0
ð52Þ
where k is a constant equal to 1 or 2 for plane strain
or equal biaxial stretching conditions respectively
and l5 p/22y is the semicone angle that is the
complement of the drawing angle y between the
inclined wall surface and the initial flat configuration
of the sheet (see Fig. 1).
Typical values for the maximum drawing angles of
deep-drawing steel, copper, and aluminium alloys in
normal sheet-forming qualities are in the range
60u( y ( 80u [5] implying that sinl may be approxi-
mated by the value of l, and thereby
y~
p
2
{
sY
sw
{1
 
rtool
kt0
ð53Þ
It may thus be concluded that the theoretical
estimates of the maximum drawing angle ymax, for
values of the meridional stress sw, sY, are expected
to increase with increasing initial thickness t0 of the
sheet and to decrease with increasing radius rtool of
the forming tool. This qualitatively agrees with
experimentation and provides a background for
the determination of material formability by plotting
the maximum drawing angle ymax as a function of
the initial thickness t0 of the sheet.
The theoretical estimate of the drawing angle takes
the limiting value ymax5 p/2 when the meridional
stress takes the maximum allowable value sw5 sY
(Fig. 8). Under this extreme forming condition the
thickness after deformation is t5 t0sinl5 0 and,
therefore, a link is established between the geomet-
rical relationship provided by the sine law and the
states of stress and strain acting in the small
localized plastically deforming regions. The shear
spinnability relation due to Kegg [27] is left out of the
analysis owing to the governing mode of deforma-
tion in SPIF. Note that the sine law says nothing
about the possibility of necking that, in SPIF, does
not seem to occur.
Equation (53) is not in a form for calculating
theoretical estimates of the maximum drawing angle
ymax because it requires knowledge of the ratio of
the yield stress to the meridional stress, which is
generally unknown. Thus, it is necessary to rewrite
equation (53) in such a way that users may easily
obtain their estimates from data readily available
from simple material testing conditions.
By substituting st given by equations (11) and (16)
into equation (53) and rearranging terms, it is found
that (this applies both for plane strain and equal bi-
axial stretching conditions)
y~
p
2
{
sY
sw
{1
 
rtool
kt0
~
p
2
{
kt
rtool
 
rtool
kt0
~
p
2
{expet ð54Þ
where t is the thickness of the sheet at fracture and et
is the value of the thickness strain at the limit of
formability. In principle, et is to be determined from
the through-thickness fracture limit strain e3 in plane
strain or equal biaxial tension tests of a sheet metal.
4.5 Maximum drawing angle versus fracture
forming limit
Equation (54) has been developed with the objective
of estimating the maximum drawing angle ymax from
simple material-testing conditions. However, the
equation can alternatively be employed to develop
a general correlation between the experimental
procedures utilized in the determination of the
maximum drawing angle and of the fracture forming
limit. Assuming for now that the maximum drawing
angle ymax can be measured at the onset of fracture,
the corresponding value of the limiting fracture
strain et is calculated from equation (54) as
et~ln
p
2
{ymax
 
ð55Þ
By taking into consideration the mode of deformation
(plane strain or equal biaxial stretching) and the
incompressibility condition, the value of the through-
thickness fracture strain et provided by equation (55)
can be utilized to determine the coordinates of a
point in the principal strain space (e1, e2) that is
necessary to plot the fracture forming limit.
Moreover, because recent experimental studies
performed by Filice et al. [4] and Jeswiet and Young
[17] show that the forming limit in SPIF may be
approximately expressed as a straight line with a
negative slope, e252e1 +q, it follows that by mea-
suring the maximum drawing angle ymax at the onset
of fracture it is possible to characterize fully the
fracture forming limit without the need to perform
time-consuming circle grid analysis (Fig. 12).
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As schematically illustrated in Fig. 12, the experi-
mental value of the maximum draw angle for a
pyramid shape component with 1 mm thickness
allows calculation of the value of thickness strain at
fracture et521.16 by means of equation (55). The
application of the incompressibility condition under
biaxial stretching provides the value of the limiting
fracture point (e1, e2); (0.58, 0.58) in the principal
strain space. By taking the assumption that the
fracture limit is a line with a negative 21 slope the
interception with the e1 axis (plane strain) can easily
be estimated as q5 1.16.
The error between the estimate of the fracture
strain for a 1 mm truncated conical shape obtained
from the above-mentioned procedure, e1 + e25 1.16,
and from the experimental measurements of the
cross-sectional thickness at the onset of fracture
(see Fig. 7, and point C in Fig. 12) is 18 per cent
(et521.37). However, it must be noted that, if
instead of using a slope of 21 a slope of 21.17 as
predicted from damage analysis was utilized (see
equation (50), for rtool5 6 mm and t05 1 mm), the
new estimate of the intercept would have provided
q5 1.25 and an overall error to the experimental
measurement of point C of below 10 per cent.
To conclude, it is important to state that, con-
versely, knowledge of the fracture forming limit in
the principal strain space (e1, e2) will provide the
experimental value of the thickness fracture strain et
that is necessary for determining the maximum
drawing angle ymax at the onset of fracture by means
of equation (54). In other words, both experimental
procedures utilized for characterizing the formability
in SPIF merge into a single concept: the onset of
fracture.
5 CONCLUSIONS
The paper extends a new theoretical model for
rotationally symmetric SPIF [14] to different modes
of deformation commonly found in general SPIF
processes. The model is built upon membrane
analysis and ductile damage mechanics and is based
on the experimental observations that fracture is not
preceded by localized necking and that the crack
Fig. 12 Schematic representation of the procedure for setting up the fracture forming limit from
the experimental measurement of the maximum draw angle ymax as a function of the
initial thickness of the sheet blank. The inset shows a picture of a pyramid-shaped
component after cracking. Note that experimental data are presented for the aluminium
AA1050-H111 pyramid-shaped component produced by SPIF, and point C was obtained
from measurements of the thickness at fracture for a truncated cone shape of 1 mm
thickness (see Fig. 7)
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propagates under tensile meridional stresses acting
under stretching modes of deformation.
Experimentation by the present authors, together
with data retrieved from the literature, confirms that
the proposed theoretical framework is capable of
successfully addressing the influence of the major
parameters and explaining the enhanced formability
of the process.
It has been shown that necking in SPIF is
suppressed, unlike conventional sheet forming.
Forming limit diagrams that give the loci of necking
strains are not therefore relevant to limits in SPIF. It
is the fracture forming limit diagram that should be
employed.
Strain hardening and anisotropy were not taken
into consideration, while bending effects were only
indirectly included in the analysis. However, the
proposed model can be further enhanced to include
some of these limitations.
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APPENDIX
Notation
r radial coordinate
r1 radius of curvature of meridian at the
element (radius of the single-point
incremental forming tool)
r2 radius of the element normal where
it cuts the z axis
t thickness of the sheet
tf final thickness of the sheet
t0 initial thickness of the sheet
l half-cone angle of the component
m coefficient of friction
st thickness stress
sY yield stress
sh circumferential stress
sw meridional stress
y draw angle between the inclined wall
and the initial flat configuration of
the sheet
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ABSTRACT
This paper is focused on the single point incremental forming of tailored welded blanks 
produced by friction stir welding. Special emphasis is placed on the know-how for 
producing the tailored blanks and on the utilization of innovative forming strategies to 
protect the welding joint from the rotating single point forming tool. Formability of the 
tailor welded blanks is evaluated by means of benchmark tests carried out on truncated 
conical and pyramidal shapes and results are compared with similar tests performed on 
conventional reference blanks of the same material. Results show that the combination 
of single point incremental forming with tailored welded blanks produced by friction stir 
welding seems promising in the manufacture of complex sheet metal parts with high 
depths.
Keywords: Single point incremental forming, tailored blanks, formability
NOTATION
 - circumferential stress
 - meridional stress
t - thickness stress
Y - yield stress
 - half cone angle of the component
 - draw angle between the inclined wall and the initial flat configuration of the sheet
t - thickness of the sheet
0t - initial thickness of the sheet
toolr - radius of the SPIF tool 
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1. INTRODUCTION
Single point incremental forming (SPIF) is a new sheet metal forming process with a 
high potential economic payoff for rapid prototyping applications and for small quantity 
production. The process was patented by Leszak (1967) and was proven to be feasible 
by Kitazawa et al. (1996) in forming rotational symmetric parts in aluminium. 
Figure 1 presents the basic components of the process; (i) the sheet metal blank, (ii) the 
blankholder, (iii) the backing plate and (iv) the rotating single point forming tool. The tool 
path is generated in a CNC machining centre and is utilized to progressively form the 
sheet into a component. During the process there is no backup die supporting the back 
surface of the sheet. 
The capability study of using an ordinary CNC milling machine instead of a special 
purpose machine-tool apparatus performed by Jeswiet (2001) and Filice et al. (2002)
was the starting point for the successful and rapid development of the process within the 
metal forming research community. However, the industrial spin-off of the process is far 
from being consolidated. In fact, SPIF is not currently in regular commercial use 
although some researchers have been suggesting a wide range of potential applications 
and fabricated a variety of prototypes to demonstrate its feasibility (Jeswiet et al., 2005).
Until recently, most studies on SPIF have concerned experimental investigations on 
applications and formability limits of traditional blanks having a constant sheet thickness 
and uniform surface finishing and mechanical properties (Allwood et al., 2004) (Jeswiet 
et al., 2005). This also applies to the limited number of theoretical (Silva et al., 2008a, 
2008b) and numerical (Bambach et al., 2005) studies that have been carried out. The 
first attempts to utilize tailored blanks having a non-uniform thickness profile was 
performed by Kopp et al. (2005) and Hirt et al. (2005) who concluded that incremental 
forming of tailored blanks produced by flexible rolling (also known as tailor rolled blanks 
(TRB)) allows for the reduction of weight and is suitable for new design approaches in 
lightweight construction. The alternative utilization of tailor welded blanks (TWB) 
produced by laser welding is claimed to be disadvantageous because of welding seams
and corresponding heat-affected zones and unsmooth thickness transitions. In addition, 
the studies also showed that TRB have better formability properties than alternative 
laser-based TWB enabling higher drawing depths. 
However, the flexible rolling technology that is required for producing TRB is limited by 
the fact that it is not capable of producing tailored blanks having non-uniform thickness 
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profiles and different surface finishing or mechanical properties resulting from joining two 
or more different materials.
The utilization of tailored blanks is expected to enhance the range of possible 
applications of SPIF and to drive the process towards the actual needs and demands of 
the industry regarding new lightweight design philosophies. The objective is to form
dedicated sheet metal parts with higher thickness only in the areas where higher loads 
are expected to occur, similarly to what is being done nowadays in conventional sheet 
forming of transportation vehicles. The application of tailored blanks in transportation 
vehicles is known to increase the safety of passengers and at the same time it allows the 
reduction of the overall weight of the structures. Structural integration is improved, the 
number of reinforcements and stiffeners is reduced and major parts can be downsized 
allowing savings in energy consumption and reductions in gas emissions.
Potential applications of the combination between SPIF and tailored blanks span from 
aerospace carriers to high speed trains and exclusive top model and racing cars 
manufactured in very small batches. However, there is also potential for innovation in the 
manufacturing of home appliances as well as in modern design and architectural 
applications that may want to take advantage of the different aesthetical features 
provided by the combined utilization of aluminium, copper and steel with diverse colours 
and different types of surface textures derived from dissimilar finishing options. 
Surprisingly, the reference literature in the field reveals that single point incremental 
forming of aluminium tailored blanks has not been, as far as authors are aware, a key 
research topic. This is unexpected and somehow contradictory to the primacy and 
importance of aluminium in the majority of the published research dealing with SPIF of 
conventional sheet metal blanks. Possible explanations for this situation might be related 
to the investment costs for setting-up a process chain for producing TRB or to the 
technological difficulties in producing aluminium TWB by means of the CO2 laser 
systems currently utilized for producing tailor welded steel blanks.
Laser-welding of aluminium is a challenge due to its high surface reflectivity and high 
thermal conductivity. The energy of the laser beam is not properly absorbed and the 
quality of the welding joints is usually very poor. The utilization of coatings based on 
graphite can successfully eliminate the difficulties related to surface reflectivity but gives
rise to another type of problems related to its application and subsequent removal.
Resort to alternative fusion welding processes for producing aluminium TWB is not 
possible due to economic and technical reasons. Electron beam welding (EBW), like 
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laser beam welding, is capable of providing high power density and high penetration with 
the advantage of not being sensitive to surface reflectivity problems. However, EBW
requires large set-up times (the positioning of the parts to be welded with respect to the 
beam must be very precise) and high capital investments (the cost of the equipment and 
of its operation is very high). Conventional fusion welding processes cannot be utilized 
for producing TWB because its lower power densities and slow welding velocities give 
rise to large heat-affected zones that would considerably diminish the overall formability 
of the tailored blanks.
From what was mentioned before it is possible to conclude that there is a need to 
identify and evaluate new low cost alternative technological solutions that can effectively 
produce aluminium tailored blanks with good forming properties. Buffa et al. (2006) took 
the first step in the right direction with the numerical and experimental investigation of 
the feasibility of using friction stir welding (FSW) to join aluminium blanks of different 
thicknesses. They utilized AA7075-T6 sheets with thicknesses varying from 3 to 4 mm 
and concluded that FSW can be successfully utilized for producing TWB. However, the 
thickness of the sheets employed in the investigation is considerably above the values 
commonly utilized in sheet metal forming applications and no studies were performed to 
check the formability of TWB produced by FSW.
This paper draws from the idea of producing tailored blanks by FSW to present an 
innovative research work aimed at evaluating the formability of these tailored blanks in 
SPIF (formability in SPIF is also known as spifability). The investigation, which is based 
on IDMEC’s know-how to produce TWB by FSW, makes use of innovative solutions 
based on the utilization of dummy sheets to protect the welding joints from the rotating 
single point forming tool, and utilizes experimental benchmark tests to evaluate the 
spifability of TWB produced by FSW against that of conventional reference blanks of the 
same material.
2. EXPERIMENTATION
This section starts by describing the experimental procedure utilized for producing TWB 
by FSW and follows by presenting the work plan and identifying the process parameters 
that were considered more relevant for the analysis of the spifability of TWB. Although 
the production of TWB by FSW allows joining sheet metals with different surface 
finishing and mechanical properties it was decided to only produce tailored blanks of the 
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same material with varying thickness combinations in order to focus the investigation on 
the influence of the welding joints on the overall formability of SPIF.
2.1 Tailor friction stir welded blanks
The tailored blanks were made of AA1050-H111 sheets (Y = 28 N/mm2) with 1.5 and 2 
mm thickness and the welded joints were produced by FSW. FSW is a solid-phase 
joining process developed and patented by TWI-The Welding Institute (Thomas et al., 
1991). The process is currently utilized by many companies around the world for joining 
structural components made of aluminium and other light metals and it is commonly
considered to be the largest step forward in welding technology of the last decade.
FSW is performed by means of a non-consumable cylindrical rotational tool that is 
mounted on a milling machine, a machining centre or a special purpose machine-tool. 
The FSW tool consists of a profiled pin end and a shoulder (figure 2a)). The pin is 
rotationally plunged into the adjoining edges of the sheets to be welded and performs 
plastic deformation by stirring the material of the sheets while moving along the welding 
joint. The motion of the pin and shoulder against the material undergoing local plastic 
deformation, causes frictional work and generates most of the heat required for welding
(Vilaça et al., 2005). The welding joint is created by the combined action of frictional 
heating and plastic deformation.
The FSW tool employed in the production of TWB was made of hot work tool steel AISI
H13 hardened and tempered to 52 HRc in the working region. Ionic nitriding and 
oxidizing were further employed to enhance the mechanical properties of the surface of 
the tool (up to a final hardness of 72 HRc) and its resistance to corrosion. The diameter 
of the shoulder is equal to 14 mm with 2 spiral striates and the pin consists of an ISO M3 
with 3 conical flats. The utilization of a shoulder with 2 spiral striates allowed the tilt 
angle of the FSW tool to be set to zero degrees in all cases. This is very important for 
welding sheets with small thicknesses because the utilization of a FSW tool with a tilt 
angle would result in undesirable variations in the nominal thickness of the sheets along 
the welding joints. The pin with conical flats provides excellent material flow around the 
FSW tool. This is critical when the thickness of the sheets to be welded is reduced 
because material flow can easily drift from 3D to undesirable 2D conditions.
The TWB were produced in a milling machined equipped with a clamping system to 
rigidly fix the sheets to be welded and prevent the abutting joint faces being forced apart 
during welding (figure 2b)). The rotational velocity of the FSW tool was set to 1120 r.p.m. 
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and the welding velocity was chosen to be equal to either 320 mm/min or 160 mm/min 
depending on whether the sheets to be joined were having equal or different 
thicknesses.
The preforms utilized in the production of the TWB were slightly larger than the 
dimensional requirements of the experimental SPIF set-up so that the initial and final 
regions of the weld joint could be discarded. This was necessary to eliminate the 
unsteady-state welding conditions typical of the beginning and ending of FSW and to 
eliminate the hole that is left behind when the weld is completed and the tool is 
withdrawn. Before being welded the edges of the sheets were carefully prepared in order 
to guarantee a precise positioning of the two parts to be joined and subsequently 
degreased for eliminating possible contamination of the weld. After welding the burr 
generated by FSW was carefully removed. The weld joints were performed along 
parallel and perpendicular orientations to the rolling direction (figure 2c)) in order to 
check the influence of the position of the weld seam on the overall spifability of the TWB 
produced by FSW.
2.2 Single point incremental forming
The experimental benchmark tests to evaluate the spifability of TWB produced by FSW 
were performed in a Cincinnati Milacron machining centre equipped with a rig, a backing 
plate, a blankholder for clamping the sheet metal blanks and a rotating single point 
forming tool (figure 1). The forming tool has a diameter of ø12 mm and a spherical tip
and was made of cold working tool steel (120WV4-DIN) hardened and tempered to 60 
HRc in the working region. The speed of rotation is 35 rpm and the feed rate is 1000 
mm/min. The tool path is helical with a step size per revolution equal to 0.5 mm and was 
generated with the program HeToPaC (Skjoedt et al., 2007a). The lubricant applied 
between the forming tool and the sheet is diluted cutting fluid.
The benchmark tests were designed to evaluate the spifability of TWB having a uniform 
thickness profile of 1.5 and 2 mm and a non-uniform profile with 1.5 mm thickness in the 
thinner and 2 mm thickness in the thicker regions (hereafter referred as 1.5+2 mm TWB) 
against that of conventional reference blanks with 1.5 and 2 mm thickness.
SPIF of AA1050-H111 sheets with thickness equal to and above of 1.5 mm thickness 
are known to experience surface quality problems due severe damage characterized by 
pick-up of workpiece material on the tool and subsequent scoring of its surface usually 
involving the detachment of large fragments of material (a phenomenon that is usually 
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designated as ‘galling’, refer to figure 3a)). In a previous paper Skjoedt et al. (2007b)
investigated this phenomenon and proposed the utilization of a dummy sheet on top of 
the conventional sheet metal blanks in order to avoid direct contact of the tribologically 
difficult material of the sheet metal blank to be formed with the rotating tool. They found 
that the utilization of a dummy sheet avoids surface damage by galling and, therefore, 
greatly improve the final surface quality of the sheet metal blank (figure 3b and 3c). 
The original idea proposed by Skjoedt et al. (2007b) is now further developed for the 
SPIF of TWB because it can additionally protect the welding seam from the single point 
rotating tool even for sheets with thickness below the critical value for the occurrence of 
galling. In case of the benchmark tests that were performed by the authors it was 
decided to utilized a DC04 deep drawing steel dummy sheet of thickness 0.63 mm in all 
the experiments.
Table 1 presents the experimental work plan. The experiments were designed in order to 
isolate the influence of the process parameters that are considered most relevant for the 
analysis of the spifability of TWB; (i) orientation of the welding joint relative to the rolling 
direction, (ii) orientation of the welding joint relative to the geometry of the workpiece to 
be formed, (iii) relative position of the root of the welding joint with respect to the rotating 
tool, (iv) thickness of the sheet and (v) thickness profile of the sheet metal blank. The 
benchmark tests were performed in truncated conical and pyramidal shapes 
characterized by varying drawing angles  with the depth (figure 4). The experiments 
were done in a random order and at least two replicates were produced for each 
combination of method and geometry in order to provide statistical meaning. 
3. RESULTS AND DISCUSSION
In a recent work Silva et al. (2008a) showed that it is possible to characterize tool paths 
in SPIF as combinations of three basic modes of deformation that are associated with; (i) 
flat surfaces under plane strain stretching conditions, (ii) rotational symmetric surfaces 
under plane strain stretching conditions and (iii) corners under equal bi-axial stretching 
conditions. They also showed that the stress field in the instantaneous small localized 
zone BC undergoing plastic deformation (figure 5) can be analytically derived from 
membrane analysis with in-plane contact frictional forces. Table 2 contains a resume of 
the stress equations along the principal directions and details can be obtained in Silva et 
al. (2008a).
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The first part of this section qualitatively extends the above mentioned analysis to the 
case of conventional sheet metal parts produced by SPIF with the help of dummy 
sheets, the objective being to investigate the influence of the dummy sheet on the 
formability of the process. This knowledge is crucial to the overall research work
because SPIF of TWB with dummy sheets is considered necessary for protecting the 
welding joint from the rotating single point forming tool. The second part of this section is 
fully focused on the evaluation of the spifability of TWB produced by FSW by means of 
benchmark tests carried out on truncated conical and pyramidal shapes.
3.1 Influence of the dummy sheet in the overall formability of SPIF
The left side of figure 5 presents a schematic evolution of the stress field in a radial slice 
of a component being produced by SPIF without dummy sheet. As can be concluded
from the combined analysis of the figure with the equations included in table 2 the 
relative values of the principal stresses may vary with process parameters related to the 
thickness t  of the sheet and to the radius toolr of the forming tool but the term 31 
should be constant according to Tresca yield criterion and equal to the flow stress of the 
sheet ( Y , under perfectly plastic material assumptions).
From a theoretical point of view, the utilization of a dummy sheet on top of conventional 
sheet metal blanks to avoid direct contact with the rotating single point forming tool is 
expected to influence formability. This is due to fact that the dummy sheet artificially 
increases the radius toolr of the tool acting on the sheet metal blank and since the 
dummy sheet distributes the contact over a more extended area of the sheet metal 
blank. The increase of the tool radius from toolr to artificialtoolr _ (figure 5) leads to an 
increase of the meridional stress   acting along BC and, therefore, to an increase of 
the hydrostatic stress implying a decrease in process formability (refer to table 2 and 
figure 5).
Experimental measurements of the maximum drawing angle max that conventional AA 
1050-H111 blanks can undertake when forming a truncated pyramid shape with and 
without the utilization of a dummy sheet are in agreement with the theoretical predictions
but also reveal that the actual reduction in formability is very small (refer to table 3). This 
last result is very important because it guarantees that dummy sheets can be utilized for 
protecting the welding joints of TWB without significantly influencing the spifability for this 
material.
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3.2 Spifability of TWB produced by FSW
Figure 6 shows truncated conical and pyramidal SPIF parts produced from TWB made 
of aluminium AA1050-H111. The pictures show initial blanks and corresponding final 
parts having different orientations of the welding joint relative to the rolling direction and 
to the geometry to be formed. The latter are included in order to assess the spifability of 
TWB in zones characterized by different states of stress and strain.
As can be seen in figure 7, the final quality of the sheet metal parts is greatly dependent 
on the quality of the welding joint produced by friction stir-welding. On one hand, it is 
possible to SPIF friction stir-based TWB parts with high forming depths, similar to those 
obtained with conventional reference blanks of the same material, in which fracture 
develops outside the welding joint (figure 7a)). On the other hand, it is also possible to 
obtain bad SPIF parts where cracking occurs prematurely in the welding joint (figures 
7b) and c)). This leads to the conclusion that SPIF of FSW tailored blanks is capable of 
producing industrial sheet metal parts with high forming depths if a good quality control 
of the welding joints is ensured. Application of non-destructive methods based on X-ray 
(figure 7d)), ultrasonic and liquid penetration testing is crucial for the identification of 
possible welding defects that may diminish the overall formability of SPIF.
In what concerns the present research work, results show that a significant part of the 
formability problems occurred with TWB having a uniform 1.5 mm thickness profile. 
Possible explanation for this is two fold and can be attributed to (i) the difficulties of the 
FSW experimental set-up utilized by the authors for welding sheet metal blanks equal to 
or below 1.5 mm thickness and to (ii) inherent difficulties of FSW for joining sheet metal 
blanks with small thicknesses due to the fact that material flow around the cylindrical 
rotational welding tool progressively drifts from 3D to 2D as the thickness of the sheets 
to be welded is reduced.
Figure 8 shows a truncated pyramid SPIF part produced from a TWB made of aluminium 
AA1050-H111 with a uniform 2.0 mm thickness profile. The welding joint is parallel to the 
rolling direction and is positioned across the corners of the SPIF part in order to evaluate 
the performance of the TWB in severe forming conditions. As can be seen, cracks are 
triggered almost simultaneously at the corners with and without welding seam that are 
marked in the figure (refer also to the detail included in figure 8b). This result together 
with the detail included in figure 8c) showing a sound welding seam, with no evidence of 
cracking, at the corner placed in the opposite diagonal further confirms the very good 
forming potential of the tailored blanks produced by FSW.
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Figures 9 and 10 present the experimental values of the maximum drawing angles max
that TWB and conventional reference blanks without welding can undertake as a 
function of the initial thickness 0t  during SPIF of truncated conical and pyramidal
shapes. Several test cases were considered in accordance to the experimental work 
plan listed in table 1, namely the utilization of TWB with uniform and non-uniform 
thickness profiles, with welding joints parallel (‘0º/RD’ in the legend) and perpendicular 
(‘90º/RD’ in the legend) to the rolling direction, with welding joints positioned along the 
sides or across the corners (‘Diagonal’ in the legend) of the final part and with the 
welding root facing (‘Inverted’ in the legend) and not facing the rotating single point 
forming tool.
As can be seen, the experimental values of the maximum drawing angle max that were 
measured in the parts produced from conventional reference blanks diminish with the 
decrease of the initial thickness 0t , This result is in close agreement with the theoretical 
predictions and the experimental observations that are available in the literature (Jeswiet 
et al., 2005)(Silva et al., 2008a). In case of the SPIF parts produced from TWB it is 
possible to identify two different groups of results, depending on the initial thickness of 
the blanks being equal to or greater than 1.5 mm. For both geometries the spifability of 
TWB with larger thicknesses is similar to that of the conventional reference blanks and 
shows no sensitivity to the orientation of the welding joint and to the relative position of 
the welding root against the forming tool. The spifability of TWB with uniform 1.5 mm 
thickness profile is difficult to characterize due to a large dispersion of the experimental 
results. Some test cases present a level of spifability similar to that of the conventional 
reference blanks while other test cases present much smaller values. Such variations 
have to do with the previously mentioned reasons that are likely to affect FSW of tailored 
blanks with small thickness profiles.
From what was mentioned before it is possible to conclude on the feasibility of producing 
sound shapes with a constant drawing angle of º60  for the truncated pyramid and 
º65  for the truncated cone from friction stir-based TWB made of aluminium 
AA1050-H111 with uniform or non-uniform thickness profiles equal or larger than 
1.5 mm. Figure 11 shows an example together with the corresponding dummy sheet that 
was utilized for protecting the welding joint from the rotating single point forming tool.
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4. CONCLUSIONS
This paper evaluates the application of single point incremental forming (SPIF) to the 
manufacture of sheet metal parts made from tailor welded blanks (TWB) produced by 
friction stir welding (FSW). The work proposes innovative solutions based on the 
utilization of dummy sheets to protect the welding joints from the rotating single point 
forming tool and utilizes experimental benchmark tests to evaluate the formability of 
TWB produced by FSW against that of conventional reference blanks of the same 
material.
Experimentation by the authors confirms that combination of SPIF with TWB produced 
by FSW is capable of successfully manufacturing complex sheet metal parts with high 
forming depths if a good quality control of the welding joints is ensured. The proposed 
technology is easy to implement and requires low risk investments because existing 
machine-tools can be utilized for both producing and forming the tailored blanks.
Further studies are necessary to evaluate the formability of TWB made from dissimilar 
materials.
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Figure 1 – Schematic representation of a cross section view of the rotational symmetric 
single point incremental forming (SPIF) process. The tool rotates while performing a 
round (or helical) path.
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(a) (b)
(c)
Figure 2 – Production of AA1050-H111 tailor welded blanks by friction stir welding.
a) Detail of the friction stir welding tool showing the shoulder and the pin.
b) Detail of the joint being welded showing the tool and the clamping system utilized 
for rigidly fixing the sheets.
c) Tailor welded blanks with welding joints parallel and perpendicular to the rolling 
direction. The welding joint placed across the diagonal of the sheet metal blank is
aligned with the rolling direction of each sheet.
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Figure 3 – SPIF of an Aluminium AA1050-H111 conventional sheet metal blank with 
1.5 mm thickness.
a) Evidence of surface damage due to galling.
b) Detail of the poor surface quality due to galling.
c) Detail of the good surface quality due to the utilization of a dummy sheet to avoid 
direct contact of the sheet metal blank with the rotating forming tool.
10 mm
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60° 0-15 mm
65° 15-30 mm
80° 60-75 mm
75° 45-60 mm
70° 30-45 mm
85° 75-90 mm 
79 mm
Figure 4 – Detail of the benchmark formability test performed on a truncated conical 
shape with varying drawing angles  with the depth. The picture shows a component 
made from a tailored welded blank of AA1050-H111 produced by friction stir welding 
with a uniform thickness of 2 mm.
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Figure 5 – Schematic representation of the stress field in a radial slice of a SPIF
component being produced without (left side) and with (right side) dummy sheet.
Note: The distribution of the stress field shown above is valid only for plane strain 
conditions because in case of bi-axial stretching   .
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Figure 6 – Benchmark formability tests of truncated (a) conical and (b) pyramidal shapes 
characterized by varying drawing angles  with the depth (TWB were made of AA1050-
H111 sheets with 1.5 and 2 mm thickness).
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(a) (c) (d)
Figure 7 – Truncated conical benchmark formability parts produced from TWB of 
Aluminium AA1050-H111 sheets.
a) Good formability showing a crack outside the welding joint (TWB with a uniform 
2.0 mm thickness profile)
b) Low formability showing necking and subsequent cracking along the welding joint 
(TWB with a uniform 1.5 mm thickness profile)
c) Low formability derived from a crack triggered in the welding joint (TMAZ) and 
subsequently propagated along the circumferential direction perpendicular to the 
welding joint (TWB with a uniform 1.5 mm thickness profile)
d) Detail of an X-ray of a welding joint showing several defects (TWB with a uniform 
1.5 mm thickness profile).
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Figure 8 – Truncated pyramid benchmark formability part produced from a TWB of 
Aluminium AA1050-H111 with a uniform 2.0 mm thickness profile.
a) Cracks are triggered almost simultaneously at the corners with and without 
welding joints.
b) Detail of a) showing the crack at the corner.
c) Detail of the corner placed in the opposite diagonal to b) showing no evidence of 
cracking in the welding joint.
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Figure 9 – Maximum drawing angles max  that TWB and conventional reference blanks 
without welding can undertake as a function of the initial thickness 0t  during SPIF of 
truncated conical shapes made of Aluminium AA1050-H111. A DC04 deep drawing steel 
dummy sheet with 0.63 mm was utilized in all the experiments.
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Figure 10 – Maximum drawing angles max  that TWB and conventional reference 
blanks without welding can undertake as a function of the initial thickness 0t  during 
SPIF of truncated pyramid shapes made of Aluminium AA1050-H111. A DC04 deep 
drawing steel dummy sheet with 0.63 mm was utilized in all the experiments.
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(a) (b)
Figure 11 – (a) Truncated pyramid shape with a constant drawing angle º60
produced by SPIF of a TWB of Auminium AA1050-H111 with a uniform 2.0 mm 
thickness profile. (b) Dummy sheet of DC04 deep drawing steel with 0.63 mm that was 
utilized for protecting the welding joint from the rotating single point forming tool.
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Geometry Sheet metal blank Thickness (mm) Notes
1.5
2.0
Single blank
1.5-1.5
2.0-2.0
1.5-2.0
TWB – Joint parallel to the rolling 
direction
1.5-1.5
2.0-2.0
1.5-2.0
TWB – Joint perpendicular to the rolling 
direction
1.5
2.0
Single blank
1.5-1.5
2.0-2.0
1.5-2.0
TWB – Joint parallel to the rolling 
direction
1.5-1.5
TWB – Joint parallel to the rolling 
direction and positioned across the 
corners (diagonally) of the final part
2.0-2.0
TWB – Joint parallel to the rolling 
direction and root side facing the rotating 
single point forming tool
2.0-2.0
TWB – Joint perpendicular to the rolling 
direction and root side facing the rotating 
single point forming tool
Table 1 – The plan of experiments
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State of strain State of stress
Plane strain 
conditions
0
0
0





t
t
d
d
dd
 
 
    0
2
1
0
1
_3
312
_1








 




BCfriction
tool
Yt
BCfriction
tool
Y
tr
t
r
t
Equal bi-axial 
stretching conditions 0
0

 
td
dd
 
    022
0
2
1
_3
_1







 



BCfriction
tool
Yt
BCfriction
tool
Y
tr
t
r
t
Table 2 – States of stress and strain that are commonly found in single point incremental 
forming processes (Silva et al., 2008a). 
Note: The meridional stress   increases by an amount    from point B to C (refer to 
figure 5) due to friction.
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Maximum drawing angle max (degrees)
Thickness 0t (mm) Without dummy sheet With dummy sheet
1.5 76.4 74.7
2.0 77.7 76.4
Table 3 – Maximum drawing angle max that conventional sheet metal blanks made of 
Aluminium AA1050-H111 can undertake when forming a truncated pyramid shape with 
and without the utilization of a DC04 deep drawing steel dummy sheet with 0.63 mm 
thickness.
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Theory of single point incremental forming
P.A.F. Martins a, N. Bay (1)b,*, M. Skjoedt b, M.B. Silva a
a IDMEC, Instituto Superior Tecnico, TULisbon, Portugal
bDepartment of Mechanical Engineering, Technical University of Denmark, Denmark
1. Introduction
Single point incremental forming (SPIF) is a new sheet metal
forming process with a high potential economic payoff for rapid
prototyping applications and for small quantity production. Fig. 1
presents the basic components of the process; (i) the sheet metal
blank, (ii) the blankholder, (iii) the backing plate and (iv) the
rotating single point forming tool. The blankholder is utilized for
clamping and holding the sheet in position during SPIF. The
backing plate supports the sheet and its opening deﬁnes the
working area of the single point forming tool. The tool is utilized to
progressively shape the sheet into a component and its path is
generated by a CNC machining centre. During the forming process
there is no backup die supporting the back surface of the sheet.
Most investigations of SPIF have concerned applications and
formability limits of the process. So far, the investigations lead to
the conclusion that the formability of the process can be deﬁned in
terms of four major parameters [1]: (i) thickness of the sheet, (ii)
size of the vertical step down per revolution, (iii) speed (both
rotational and feed rate) and (iv) radius of the forming tool. The
inﬂuence of the ﬁrst parameter is commonly explained by means
of the sine law. In what concerns the second parameter, although
the general opinion has been that formability decreases with
increasing step size, new results provided by Ham and Jeswiet [2]
seem to indicate that step size itself does not have a signiﬁcant
effect on the formability. The speed of the forming tool is known to
inﬂuence formability because of its direct inﬂuence on the
frictional conditions at the tool–sheet interface. Smaller radius
of the forming tools is claimed to provide better formability due to
concentration of the strains at the zone of deformation in the sheet
under the forming tool. Larger tool radius tends to distribute the
strains over amore extended areamaking the processmore similar
to conventional stamping.
Despite the major contributions made by Jeswiet et al. [1],
Fratini et al. [3] and Allwood et al. [4] and many others on the
development of industrial applications and better characterization
of the forming limits of the process, the mechanics of deformation
remains little understood. In fact, nowadays, SPIF is one of the very
few if not the only sheet metal forming process in which the
advantage of experimentation over theoretical and numerical
analysis is absolute even for solving the simplest practical
problem.
This paper presents a closed-form analysis, modelling the
fundamentals of SPIF and explaining the experimental and
numerical results available in the literature for the past couple
of years. The model is based on membrane analysis with bi-
directional, in-plane contact friction and is focused on the extreme
modes of deformation that are likely to be found in SPIF. The
formability limits of the process are analysed by combining the
proposed membrane analysis with ductile damage mechanics. An
explanation to the increased formability compared to conventional
stamping and deep drawing operations is provided through the
utilization of fracture forming limit diagrams based on the onset of
fracture instead of the conventional forming limit diagrams based
on the onset of necking. New versions of SPIF based on the
utilization of dummy sheets inserted between the workpiece and
the tool are also addressed and the overall investigation is
supported by experimental work performed by the authors and by
data retrieved from the literature.
2. Theoretical background
Circle-grid analysis in conjunction with the observation of the
smear-mark interferences between the tool and the surface of the
sheet allow the classiﬁcation of all possible tool paths as
combinations of the three basic modes of deformation that are
depicted in Fig. 2; (A) ﬂat surfaces under plane strain stretching
conditions, (B) rotational symmetric surfaces under plane strain
stretching conditions and (C) corners under equal bi-axial
stretching conditions.
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It is worth to notice that in between these modes of
deformation there are other possibilities where neither plane
strain stretching nor equal bi-axial stretching appear. However, the
analytical model to be derived in this section of the paper will only
be focused on the extreme modes of deformation that are likely to
be found in SPIF.
2.1. State of stress and strain
In SPIF the local shell element CDEF (Fig. 3) is subjected to
normal forces, shear forces and bending moments, so that it
conforms to the hemispherical shape of the tip of the pin tool,
forming a contact area (A, B or C in Fig. 2) between the tool and
the part of the sheet placed immediately ahead of the moving
tool.
The state of strain and stress acting in these areas can be derived
from the membrane equilibrium conditions if bending moments
are neglected and circumferential, meridional and thickness
stresses are assumed to be principal stresses.
Further simplifying assumptions are the following: the
material is assumed to be rigid, perfectly plastic and isotropic
and the resultant friction stress acting in the tool–sheet contact
interface is assumed to consist of two in-plane components—a
meridional component mfst due to the downwards movement
of the tool and a circumferential component must due to the
circumferential feed combined with the rotation of the tool. This
last assumption, which is an untraditional way of modelling
friction introduced for convenience implies that the coefﬁcient of
friction m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2f þm2u
q
.
Resolving the force equilibrium along the thickness, circumfer-
ential and meridional directions, results in:
The distribution of stresses in the small localized plastic zones
(A, B and C), which as earlier mentioned are the three typical
deformation zones in SPIF, can easily be obtained from Eq. (1) after
neglecting higher order terms, taking into account geometrical
simpliﬁcations, considering the Tresca yield criterion and assum-
ing that single point incremental forming of ﬂat and rotationally
symmetric surfaces is performed under plane strain conditions,
deu = 0, see ref. [5].
Table 1 resumes the strains and stresses along the principal
directions that are derived from the proposed membrane analysis.
Results for conventional stamping are provided for comparison.
Further details can be obtained from ref. [5].
2.2. Friction at the tool–sheet contact interface
In recent work [5] the present authors showed that
the frictional effects along the circumferential direction
can be neglected implying that only the friction forces
exerted in the meridional direction need to be taken into
account.
Under these circumstances, starting from the membrane
equilibrium condition along the meridional direction, Eq. (1),
and neglecting the variation in thickness dt/dr ﬃ 0, it is possible to
establish the following relationship for the meridional stress
distribution sf along the curvature from the bottom B to the top C
Fig. 1. Schematic representation of SPIF.
Table 1
States of stress and strain in SPIF and conventional stamping
Assumption State of strain State of stress Hydrostatic stress
SPIF (ﬂat and rotational
symmetric surfaces)
Plane strain
conditions
(A) and (B)
def ¼ det >0
deu ¼ 0
det <0
sf ¼ s1 ¼
sY
1þ ðt=rtoolÞ
>0
su ¼ s2 ¼
1
2
ðs1 þ s3Þ
st ¼ s3 ¼ sY trtool þ t
<0
sm ¼ sY
2
rtool  t
rtool þ t
 
SPIF (corners) Equal bi-axial
stretching (C)
def ¼ deu >0
det <0
sf ¼ su ¼ s1 ¼
sY
1þ ð2t=rtoolÞ
>0
st ¼ s3 ¼ 2sY trtool þ 2t
<0
sm ¼ 2sY
3
rtool  t
rtool þ 2t
 
Conventional stamping
(rotational symmetric
surfaces)
Equal bi-axial
stretching
def ¼ deu >0
det <0
sf ¼ su ¼ s1 ¼
sY
1þ ðt=rpunchÞ
>0
st ¼ s3 ¼ sY trpunch þ t
<0
sm ¼ 2sY
3
rpunch  t=2
rpunch þ t
 
str du r1 daþ sfr du t sin
da
2
þðsf þ dsfÞðr þ drÞduðt þ dtÞsin
da
2
þsur1 da t sin
du
2
cosaþ ðsu þ dsuÞ r1 da t sin
du
2
cosa ¼ 0
sur1da t þ
dt
2
 
mustr1da r þ
dr
2
 
du  ðsu þ dsuÞr1da t þ
dt
2
 
¼ 0
ðsf þ dsfÞðr þ drÞduðt þ dtÞ  sfr du t þmfstr du r1 da su
du
2
r1 da t sina ðsu þ dsuÞ
du
2
r1 da t sina ¼ 0
(1)
Fig. 2. Instantaneous deformation zone and contact area between forming tool and
workpiece during SPIF.
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of the plastic zone, see Fig. 4:
sf ¼ sfB expkm’ (2)
where k takes a value equal to 1 or 2 for the plane strain or equal bi-
axial strain, respectively, and w is deﬁned in the detail of the
deformed part included in Fig. 4.
In physical terms, Eq. (2) indicates that the meridional stress sf
will increase with r as a result of friction at the tool–sheet contact
interface and that the rate of increase at the corners of the SPIF
parts (deformation type C, where k = 2) is higher than in the ﬂat
and rotationally symmetric surfaces (where, k = 1).
2.3. The inclined wall adjacent to the forming tool
Starting from themembrane equilibrium equation (1) along the
thickness direction and noticing the absence of curvature r1 =1 as
well as the absence of contact pressure st = 0 on the surface of the
local element CD (Fig. 4), it may be concluded that su = 0 along the
inclined wall adjacent to the forming tool. Thus, since the
meridional stresses sf are the only stresses acting in this region
the following equilibrium condition is valid in the inclined wall of
the sheet:
sfD ¼ sfC
rC
rD
(3)
According to Eq. (3) the meridional stress sf decreases along
the inclined wall of the sheet being higher at the transition point C
and smaller at point D. Because the meridional stress at point C
must be kept below the yield stress (for a perfectly plastic
material), it follows that the inclined wall surface of the sheet
adjacent to the forming tool is elastic.
This result together with the state of stress presented in the
previous sections of the paper results in the schematic plot shown
in Fig. 4 of the stress ﬁeld in a radial slice of the SPIF component
containing the small, localized plastic zone, for the case of plane
strain.
2.4. Thinning at the corner radius
Starting from the simpliﬁed form of the membrane equilibrium
condition in the meridional direction, neglecting friction and
Fig. 3. Membrane analysis of single point incremental forming. Schematic representation of the shell element and details showing the acting stresses in the meridional,
circumferential and thickness directions.
Fig. 4. Schematic representation of the stress ﬁeld in a radial slice through the
instantaneous, small plastic zone.
Fig. 5. Variation of the thickness with the depth along twomeridional cross sections
of a truncated conical shape of AA1050-H111 with varying drawing angles (c).
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introducing the boundary conditions r = rB, sf ¼ sfB and t = t0 it is
possible to derive the following identity [5]:
sf ¼ sfB
t0
t
(4)
The physical meaning of Eq. (4) is that reduction in thickness t
tends to balance the rise in the meridional stress sf so that sft is
constant in the small localized zone being plastically deformed. It
follows that although the variation in the wall thickness of the
inclined surface of the sheet can be approximately estimated by
means of the sine law t = t0 sin l (Fig. 5), the reason why thinning
occurs has to dowith themeridional tensile stresses sf rather than
shear acting in the small localized zone being plastically deformed.
The detail included in Fig. 4 provides a schematic, geometrical
interpretation of thinning at the corner radius.
2.5. Dummy sheets and state of stress
SPIF of aluminiumAA1050-H111 sheets with thickness equal to
and above 1.5 mm thickness are known to experience surface
quality problems due to galling, i.e. pick-up of workpiece material
on the tool surface and scoring of subsequent workpiece surface as
seen in Fig. 6a.
In a previous paper Skjoedt et al. [6] investigated this
phenomenon and proposed the use of a dummy sheet inserted
between theworkpiece and the tool in order to avoid direct contact
of the tribologically difﬁcult material of the sheet metal blankwith
the rotating tool. They found that the dummy sheet prevents
surface damage by galling and, therefore, greatly improves the
ﬁnal surface quality of the formed component (Fig. 6b and c).
The idea can be further extended to SPIF of tailor welded blanks
(TWB), since the dummy sheet additionally protects the welding
seam from the single point rotating tool (Fig. 7).
From a theoretical point of view, the application of a dummy
sheet between the sheet metal and the rotating single point
forming tool is expected to inﬂuence formability. This is due to the
fact that the dummy sheet artiﬁcially increases the radius rtool of
the tool acting on the sheet metal blank. The increase of the tool
radius leads to an increase of the meridional stress sf acting along
BC and, therefore, to an increase of the hydrostatic stress (refer to
Table 1 and Fig. 8). This is expected to imply a decrease in the
overall process formability in SPIF when utilizing dummy sheets.
Experimental measurements recently performed by the
authors [6], comparing the maximum drawing angle cmax, that
conventional AA 1050-H111 blanks can undertake when forming a
truncated pyramid shape, with and without a dummy sheet, are in
agreement with the theoretical predictions but also reveal that the
actual reduction in formability is very small.
3. Formability (‘SPIFABILITY’)
There are two basic experimental procedures for determining if
a sheet metal part of a speciﬁc material can be made by SPIF. One
procedure makes use of conventional circle-grid analysis to
characterize the forming limit curve in the principal strain-space
(e1, e2); the other employs themaximumdrawing anglecmax that a
material can undertake as a function of the initial thickness of the
sheet t0.
As far as the authors are aware, there is no theoretical
background behind the second procedure of using cmax as a
criterion of failure, nor as to how the two procedures may be
related. One of the aims of the present paper is to provide the
missing background by relating the two experimental procedures.
3.1. FLDs vs. fracture forming limit diagrams
Experimental investigations relating limit strains in SPIF with
the limit strains given in conventional forming limit diagrams
(FLDs) show that limit strains in SPIF plotted in the principal strain-
space (e1, e2) are usually much greater than those of conventional
sheet metal forming processes [1,3].
The usual link between conventional FLD strains with SPIF
limiting strains presumes that the failure modes in the two
processes are the same, i.e. necking is the limiting criterion.
However, the fact that limiting strains in SPIF exceed the FLD, may
be due to the presumption of necking as the limit in SPIF being in
error.
In fact, the evolution of thickness with depth along two
meridional cross sections of a truncated conical shapewith varying
Fig. 6. SPIF of an AA1050-H111 sheet with 1.5 mm thickness. (a) Surface damage due to galling, (b) detail of the poor surface quality due to galling and (c) detail of the good
surface quality obtained using a dummy sheet.
Fig. 7. (a) Truncated pyramid shape produced by SPIF of a TWB of AA1050-H111
with uniform 2 mm thickness proﬁle and (b) dummy sheet of DC04 steel with
0.63 mm.
Fig. 8. Schematic representation of the stress ﬁeld in a radial slice through the
instantaneous small plastic zone of a SPIF part being producedwith a dummy sheet.
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drawing angles c made from an aluminium AA1050-H111 sheet
with 1 mm of initial thickness (Fig. 5) reveals, that plastic
deformation takes place by uniform thinning until fracture
without experimental evidence of localized necking taking place
before reaching the onset of fracture.
Additional evidence that formability is limited by fracture
without previous necking is the inclined cross sectional shape of
the crack to the sheet surface, depicted in Fig. 9.
The suppression of localized necking in SPIF is due to the
inability of necks to grow. If a neck was to form at the small plastic
deformation zone in contact with the incremental forming tool, it
would have to grow around the circumferential bend path that
circumvents the tool. This is difﬁcult and creates problems of neck
development. Even if the conditions for localized necking could be
met at the small plastic deformation zone in contact with the tool,
growth would be inhibited by the surrounding material which
experiences considerably lower stresses.
The conditions for suppression of localized necking mentioned
above do not occur in conventional sheet metal forming processes
due to uniform loading and deformation conditions. In fact,
differences between neighbouring plastically deforming regions in
conventional sheetmetal forming processes aremuch smaller than
in SPIF and, therefore, growth of necking is easily ensured.
This last conclusion is crucial, implying that FLDs of conven-
tional sheet metal forming are inapplicable to describe failure in
SPIF. Instead, fracture forming limit diagrams (FFLD) placed well
above the FLDs should be employed in SPIF (Fig. 10).
3.2. Hydrostatic stress in SPIF
The triaxiality ratio sm/sY is known to play an important role in
the formability of materials. Assuming proportional loading and
realizing that the tool radius in conventional stamping is much
greater than in SPIF, rpunch rtool, it is noticed from Table 1, that
sm/sY is higher in conventional stamping:
sm
sY
 
stamping
>
sm
sY
 
bi-axial
>
sm
sY
 
plane strain
, 2
3
rpunch  t=2
rpunch þ t
 
>
2
3
rtool  t
rtool þ 2t
 
>
1
2
rtool  t
rtool þ t
 
(5)
Since the level of the triaxiality ratio sm/sY in conventional
stamping is higher than that of SPIF it can be concluded, that the
rate of accumulated damage in stamping grows faster than in SPIF.
This explains why the forming limits of SPIF are higher than in
conventional stamping processes. In addition, the triaxiality ratio
in Eq. (5) explains the reason, why the onset of cracks during
incremental forming of pyramid shape components is preferen-
tially located at its corners—the corners experience equal bi-axial
stretching while the side ﬂat surfaces are deformed under plane
strain conditions, where the triaxiality ratio is lower.
As a ﬁnal note on expression (5), it should be observed that the
inﬂuence of the radius of the tool, rtool, on the triaxiality ratiosm/sY
is opposed to that of the thickness and consequently, formability is
expected to increasewhen the radius of the forming tool decreases.
The qualitative predictions based on the new proposed theoretical
framework are plausible and in good agreementwith experimental
observations reported in the literature [1].
3.3. Damage and forming limits
The FFLD in SPIF (Fig. 10) can be characterized by means of
ductile damage mechanics based on void growth models.
Assuming the Tresca yield criterion, linear loading paths, and
that f ðsm=s¯Þ takes the simple form sm=s¯, the total amount of
accumulated damage for plane strain and equal bi-axial stretching
SPIF conditions results in the following critical damage values:
Dc ¼
Z e¯f
0
sm
s¯
de¯ ¼ 1
2
rtool  t
rtool þ t
 
eplane strain1 (6)
Dc ¼
Z e¯f
0
sm
s¯
de¯ ¼ 2
3
rtool  t
rtool þ 2t
 
2ebi-axial1 (7)
If the critical value of damage Dc at the onset of cracking is
assumed to be path-independent, by solving Eqs. (6) and (7) for e1 it
is possible to set up the following identity:
ebi-axial1  eplane strain1
ebi-axial2  0
¼ ð3=4Þ½ðrtool þ 2tÞ=ðrtool  tÞ  2½ðrtool þ tÞ=ðrtool  tÞð3=4Þ½ðrtool þ 2tÞ=ðrtool  tÞ
¼ 5ðrtool=tÞ  2
3ðrtool=tÞ þ 6
(8)
Eq. (8) gives the slope of the fracture forming line (FFLD) in the
principal strain-space (e1, e2) (Fig. 10). For typical experimental
values of rtool/t in the range 2–10 the slope derived from Eq. (8) will
vary between 0.7 and 1.3. This supports the assumption that
the fracture forming limit in SPIF can be approximately expressed
as e1 + e2 = q, where et = q is the thickness strain at the onset of
fracture in plane strain conditions. This result is in close agreement
with the typical loci of failure strains in conventional sheet forming
processes, where the slope of the FFLD is often about 1 [1,3].
3.4. Maximum drawing angle
Starting from the meridional stress sf acting in the local shell
element for plane strain or bi-axial stretching conditions (refer to
Table 1) and substituting the actual thickness t by the sine law
Fig. 9. Experimental evidence that SPIF is limited by fracture without necking.
Fig. 10. Schematic representation of the forming limits of SPIF against those of
stamping and deep drawing.
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t = t0 sin l, one obtains:
sf
sY
¼ 1þ kt0 sinl
rtool
 1
(9)
where, k is a constant equal to 1 or 2 for plane strain or equal bi-
axial stretching conditions respectively, and l = p/2 c is the
semi-cone angle, which is the complement of the drawing anglec
between the inclined wall surface and the initial ﬂat conﬁguration
of the sheet (Fig. 1). For the typical values of themaximumdrawing
angles in SPIF sin l may be approximated by the value of l, and
hereby:
c ¼ p
2
 sY
sf
 1
 !
rtool
kt0
(10)
One may thus conclude that the theoretical estimates of the
maximum drawing angle cmax, for values of the meridional stress
sf < sY, are expected to increase with the initial thickness t0 of the
sheet and to decrease with increasing radius of the forming tool,
rtool. This agrees qualitatively with experimental results and
provides background for the determination of material formability
by plotting the maximum drawing angle cmax as a function of the
initial thickness t0 of the sheet (for example in [1]).
However, Eq. (10) is not in a form allowing theoretical
estimation of the maximum drawing angle cmax since it requires
knowledge of the ratio between the yield stress and themeridional
stress which is generally unknown. Thus, it is necessary to rewrite
Eq. (10) in such a way that users may easily obtain an estimate
from data readily available from simple material testing condi-
tions. By substituting st given by the equations included in Table 1
into Eq. (10) and rearranging terms, one obtains the equation
below applying for plane strain and as well as equal bi-axial
stretching conditions:
c ¼ p
2
 sY
sf
 1
 !
rtool
kt0
¼ p
2
 kt
rtool
 
rtool
kt0
¼ p
2
 expet (11)
where t is the thickness of the sheet at fracture and et is the value of
the thickness strain at the limit of formability. In principle, et is to
be determined as the through-thickness fracture limit strain e3 in
plane strain or equal bi-axial stretching test of a sheet metal.
In physical terms Eq. (11) implies that the two experimental
procedures utilized for characterizing the formability in SPIF ((1)
fracture forming limit in the principal strain-space (e1, e2) and (2)
maximumdrawing anglecmax at the onset of fracture) aremerged
into a single concept—the onset of fracture.
4. Summary
The paper presents a new theoretical model for the different
modes of deformation commonly found in SPIF. The model is built
upon membrane analysis and ductile damage mechanics and is
based on the experimental observations that fracture is not
preceded by localized necking and that crack propagates under
tensile meridional stresses acting under stretching modes of
deformation.
Experiments by the authors together with data retrieved from
the literature conﬁrm that the proposed theoretical framework is
capable of successfully addressing the inﬂuence of the major
parameters and explaining the enhanced formability of the
process.
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ABSTRACT: A five stage forming strategy for Single Point Incremental Forming of a circular cylindrical cup 
with a height/radius ratio of one is presented. Geometrical relations are discussed and theoretical strains are 
calculated. The influence of forming direction (upwards or downwards) is investigated for the second stage 
comparing explicit FE analysis with experiments. Good agreement is found between calculated and measured 
thickness distribution, overall geometry and strains. Using the proposed multi stage strategy it is shown 
possible to produce a cup with a height close to the radius and sides parallel to the symmetry axis in about 
half of the depth.
Key words: Incremental forming, multi stage, FEM 
1 INTRODUCTION
Single Point Incremental Forming (SPIF) is a 
relative new sheet forming process which offers the 
possibility of forming complex parts without 
dedicated dies using only a single point tool and a 
standard 3-axis CNC machine. The process enables 
strains much higher than traditional sheet forming 
processes, but is limited by the type of deformation 
which is close to plane strain for geometries formed 
in one stage. A consequence of this is the sine-law,   
t = t0·sin(90°-Į), which relates the drawing angle Į
with the thickness after forming. This law has 
proven to give a good description of the thickness 
distribution and as a result it is not possible to form 
parts with drawing angles higher than about 60-80° 
in one stage. For a 90° drawing angle the sine-law 
predicts a thickness equal to zero and strains going 
towards infinity. One way to get around the 
limitations prescribed by the sine-law is to use a 
multi stage strategy, and this is the subject of the 
present paper. 
2 MULTI STAGE STRATEGIES 
Using a multi stage forming strategy is not a new 
idea in SPIF. Kitazawa et al. [1] used different two 
stage strategies to produce hemi ellipsoidal shapes 
and investigated the limits before fracture varying 
the radius and the height of the geometry. Jeswiet et 
al. [2] used a three stage strategy to form an 
automotive headlight reflector. As far as the authors 
know, no work has yet been presented in literature, 
where a multi stage strategy allows forming of a part 
with a 90° drawing angle in SPIF. In two point 
incremental forming (TPIF) a 90° drawing angle has 
been achieved, [3,4]. 
3 MULTI STAGE STRATEGY 
3.1 Forming of cups 
A fundamental difference between deep drawing and 
SPIF is the plate area included in the deformation. In 
deep drawing it is the drawn-in flange, which is 
deformed, whereas limited deformation is 
introduced in the bottom of the cup. For deep 
156 3
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drawing steel forming of cups with a height/radius 
ratio h/r § 2 is possible. SPIF of a cup with a ratio 
h/r = 1 is considered almost impossible. The plate 
area included in the deformation in SPIF is the area 
surrounded by the first round of the tool path or the 
hole in the backing plate, i.e. forming may be 
characterized as stretching. Fig. 1 shows the 
thickness strain for a round and a square cup 
assuming that thickness is evenly distributed. In 
SPIF the distribution of thickness is normally far 
from this. 
İt
h/r
r
round
square
Fig. 1. Thickness strain for different h/r ratios. 
3.2 5 stage strategy 
The idea in the present work is to extend 
deformation to all the material available which is 
indicated by the horizontal, dotted line in Fig. 2. The 
first stage stretches this into a 45° cone. The 
following stages will gradually move the middle of 
this section towards the corner. All stages except the 
first can be performed going either downwards or 
upwards. This gives a total of 16 different strategies.
r
h = r
a
b c
1
2
3
4
5
Fig. 2. Five stage strategy for forming a cup with h/r = 1. 
In the present paper only the first four stages are 
considered and in those, two different strategies are 
investigated, i.e. down-up-down-down (DUDD) and 
down-down-down-up (DDDU). Influence from 
direction of forming is investigated in detail for the 
second stage. Theoretical principal strains can be 
calculated assuming the deformation to be pure 
stretching and the meridional strain to be evenly 
distributed. The circumferential strain is zero at 
points a and c and maximum in b in Fig. 2. The 
maximum thickness strain is higher than in Fig. 1 for 
h/r = 1. This is because the circumferential strain is 
not evenly distributed.
 2ln2ln  ¸
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r
IH ( 1 )
 2ln2lnmax,  ¸¹
·¨
©
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r
r
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SHT ( 2 )
  4.14lnmax, | tH ( 3 )
4 SIMULTION AND EXPERIMENTAL SETUP 
4.1 Setup of FE model 
LS-DYNA version ls971s is adopted to simulate the 
process using explicit time integration. The forming 
tool and the backing plate are considered rigid. Time 
scaling is used simulating the process to be 1500 
times faster than the actual experiments. The 
influence from time scaling and the use of rigid tools 
are investigated by Qin et al. [5] and the applied 
settings are considered reasonable. Maximum time 
step is based on a characteristic length equal to shell 
area divided by the longest diagonal. As a precaution 
DYNA uses 0.9 times this value. Fully integrated 
shells (type 16 in DYNA) are used with five 
integration points in thickness. Adaptive remeshing 
is adopted. The movement of the tool in the 
simulation is identical to that in the experiments 
including the rotation. The sheet material used is 
AA1050 H111/O and considered isotropic with a 
flow stress as stated in equation 4. The values for C
and n are average of what is used by Hirt et al. [6] 
and Filice et al. [7]. Coulomb friction is assumed 
with ȝ = 0.1. 
MPaC ny
14.0111 HHV   ( 4 )
4.2 Experimental setup 
Experiments are conducted on a 3-axis milling 
machine. All sheets are 1 mm thick and the forming 
speed is 1000 mm/min. The tool, which has a radius 
of 6 mm and a semi-spherical tip, is rotated at 27 
rpm. The rotational speed ensures a surface speed at 
the maximum radius equal to the forming speed. 
Diluted cutting fluid is used as lubrication, and the 
part is cleaned between each stage to remove loose 
wear particles. Tool paths are programmed using 
Pro/ENGINEER. First stage has a fixed vertical step 
size of 0.5 mm and following stages have a distance 
2
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between tool paths below 1 mm. The geometries 
used for the different stages are as shown in Fig. 2
with h = 70 mm and r = 80.5 mm. A small 
undeformed section remains in the middle (r = 0-10 
mm) since the tool cannot form a cone with a sharp 
pointed end.
5 RESULTS 
5.1 First two stages 
Experiments are compared with simulations for the 
first two stages only, i.e. down-down (DD) and 
down-up (DU). A comparison of the achieved 
geometries can be seen in Fig. 3. There is almost 
perfect agreement for the DD strategy. Regarding 
the DU strategy the simulated geometry is more 
pointed in the center region and about 10 mm too 
deep.
Fig. 3 Comparison of geometry achieved by simulation and by 
experiment for DD strategy (top) and DU strategy (bottom). 
Legend displays thickness in mm. 
Fig. 4 compares the measured thickness distribution 
with the calculated one. For both geometries very 
good agreement is obtained until a depth of 60 mm. 
The DD strategy causes a distribution similar to a 
normal, one stage SPIF, where increasing angle 
causes decreasing thickness. Using the DU strategy 
this is not the case, and most of the reduction in 
thickness occurs in the center part where the 
drawing angle is low. This is necessary if vertical 
sides are to be achieved in the subsequent stages. 
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Fig. 4 Comparison of thickness from experiments and 
simulations as function of depth. 
5.1.a Two stages: down-down (DD) 
Adopting the strategy DD not all of the geometry is 
formed during the second stage, leaving a residual 
cone in the center. This is because the depth of the 
part is increased in the second stage, whereas the 
tool path only goes 70 mm down as in the first stage. 
As the tool moves down during the second stage a 
small plateau is formed beneath it. This plateau is 
observed experimentally as well as in the simulation, 
Fig. 5. Kitazawa et al. [1] obtained similar 
experimental results. 
5.1.b Two stages: down-up (DU) 
Adopting the strategy DU no residual cone is 
observed after the second stage, but material build 
up in front of the tool is noticed, which changes the 
point contact to a line contact, Fig. 5. Again this 
phenomenon is observed in both experiments and 
simulations. A similar observation is found in 
experiments by Kitazawa et al. [8]. The line contact 
causes process forces in the XY plane to increase 
and care should be taken not to exceed the force 
limits of the machine when forming harder 
materials. 
Fig. 5 Left: formation of plateau (DD strategy), right: 
formation of line contact (DU strategy). 
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5.2 Strategy DUDD and DDDU 
The DDDU strategy can be performed without 
fracture, whereas the DUDD strategy results in 
fracture in stage 4 just after finishing the vertical 
section of the part, Fig. 6. The fracture appears in a 
zone with heavy thickness strain, see Fig. 7.
Thickness measurements below this point are for the 
first three stages only since the fourth stage could 
not be completed. Both strategies give minimum 
thickness in the bending section between the vertical 
and the horizontal work piece parts. This 
corresponds well with the theoretical strains which 
indicate a maximum thickness strain in the corner of 
the cup. Using the suggested strategy it seems that 
the critical area is not the vertical sides themselves 
but the transition zone between vertical and 
horizontal. The reason is that this zone experiences a 
deformation close to equal bi-axial stretching. 
Fig. 6 Geometry after 4 stages of forming (left DDDU and 
right DUDD). 
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Fig. 7 Measured thickness as function of the distance along the 
surface for the two strategies DDDU and DUDD. 
Both strategies increase the maximum drawing angle 
since they allow forming of the third stage. 
Experiments show, that the geometry obtained after 
this stage cannot be formed in single stage SPIF. 
The DDDU strategy also allows forming of the 
fourth stage which has vertical sides to a depth equal 
to 35 mm and a total depth approximately equal to 
the radius.   
6 CONCLUSION 
The multi stage strategy presented is able to produce 
a cup with a 90° drawing angle which has not been 
possible before. It demonstrates that strains far from 
plane strain can be achieved in SPIF and that strain 
paths may be far from linear. The distribution of 
strains is not only depending on the geometry of the 
tool path but also on the direction (downwards or 
upwards). The proposed strategy needs to be refined 
by further research but presents a promising concept 
for forming parts with vertical sides in SPIF.
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Summary  
A multi stage strategy, which allows forming of SPIF parts with vertical walls, is investigated with 
emphasis on strain paths and fracture strains. Whereas downwards movement of the tool pin 
results in deformation close to plane strain upwards moving tool results in biaxial strains. A good 
correlation is observed between numerical simulation and experiments for the three first stages of 
forming. Surface strains in the first stage show deformation to be stretching. Strain paths are far 
from straight except for the first stage of forming. A fracture line with a slope of -1 in the principle 
strain space is in good agreement with measured strains with and without fracture.   
1. Introduction 
Single Point Incremental Forming (SPIF) is a rather new sheet forming process which offers the 
possibility of forming complex parts without dedicated dies using only a single point tool and a 
standard CNC machine. The process enables strains much higher than traditional sheet forming 
processes, but is limited by the type of deformation which is close to plane strain for geometries 
formed in one stage. A consequence of this is the sine-law, t = t0·sin(90°-Ψ), which relates the drawing 
angle Ψ with the thickness after forming. This law has proven to give a good description of the 
thickness distribution and as a result it is not possible to form parts with drawing angles higher than 
60-80° in one stage, the limiting angle being dependent of the workpiece material, geometry and 
process parameters. For a 90° drawing angle the sine-law predicts a thickness equal to zero and strains 
going towards infinity. One way to get around the limitations prescribed by the sine-law is to use a 
multi stage strategy, and this is the subject of the present paper. 
2. Multi stage incremental forming 
Using a multi stage forming strategy is not new in SPIF. Kitazawa et al. [1] used different two stage 
strategies to produce hemi ellipsoidal shapes and investigated the limits before fracture varying the 
radius and the height of the geometry. Jeswiet et al. [2] used a three stage strategy to form an 
automotive headlight reflector. In recent work Verbert et al. [3] showed parts made with an automatic 
multi stage tool path generation, but no details were given on the number of stages or how they were 
shaped.  
2.1 New multistage strategy 
In previous work by Skjoedt et al. [4] a new multi stage forming strategy was presented which 
enables forming of a cup with a 90° drawing angle. The strategy extends deformation to all the 
material available in SPIF which is indicated by the horizontal, dotted line in Fig. 1. The first stage 
stretches this into a 45° cone. The following stages will gradually move the middle of this section 
towards the corner. All stages except the first can be performed with either downwards or upwards 
moving tool. Theoretical principal strains can be calculated assuming the deformation to be pure 
biaxial stretching and the meridional strain εφ to be evenly distributed see Equations (1) - (3). The 
circumferential strain εθ is zero at points a and c and maximum in b. In [4] only the first four stages 
were investigated, showing that the strategy of three downward movements followed by an upward 
one in the fourth stage (DDDU) could be realized without fracture. Production of parts with vertical 
sides was made, an accomplishment not seen before in literature on SPIF. 
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Fig. 1: Five stage forming strategy. 
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2.2. Strain paths and fracture  
This paper analyzes strain paths for selected representatives of the many different strategies 
indicated in Fig. 1. This will provide information on the thickness distribution achieved with varying 
strain paths. It also investigates the strains at fracture and compares these with an analytical model, 
predicting the fracture line as the forming limit in SPIF, as suggested in earlier work by the authors, 
[5].   
3. Numerical simulation 
 
LS-DYNA version ls971s is adopted to simulate the process using explicit time integration. The 
forming tool and the backing plate are considered rigid. Time scaling is used simulating the process to 
be 1500 times faster than the actual experiments in the first stage and 1000 times faster in subsequent 
stages. Maximum time step is based on a characteristic length equal to shell area divided by the 
longest diagonal, i.e. no mass scaling is used. As a precaution LS-DYNA applies 0.9 times this value. 
Fully integrated shells (type 16 in LS-DYNA) are used with five integration points in thickness and 
mesh refinement is applied in the first stage. Movement of the tool in the simulation is identical to that 
in the experiments. The sheet material used is AA1050 H111/O and considered isotropic with a stress-
strain curve: σ = C ε n = 153 ε 0.25 MPa, which is determined as the average of 15 tensile tests 
distributed in directions 0°, 45° and 90° to the rolling direction. 
4. Experimental setup 
 
Experiments are conducted on a 3-axis milling machine. All sheets are 1 mm thick and the forming 
speed is 1000 mm/min. The tool, which has a radius of 6 mm and a semi-spherical tip, is able to rotate 
freely, but does not rotate during experiments. Diluted cutting fluid is used as lubrication, and the parts 
are cleaned between each stage to remove loose wear particles. Tool paths are programmed using 
Pro/ENGINEER. First stage has a fixed vertical step size of 0.5 mm and following stages have a 
distance between tool paths below 1 mm. The geometries used for the different stages are as shown in 
Fig. 1, but with h = 70 mm and r = 80.5 mm instead of h = r. A small, undeformed section remains in 
the middle of the workpiece (r = 0-10 mm) since the tool pin of radius 6 mm cannot form a cone with 
a sharp pointed end. A grid with 2 mm circles is electrochemically etched on the surface of the sheets. 
This allows measurement of the principle strains assuming the thickness strain εt to be a principle 
strain. 
5. Strain and strain paths 
 
The agreement between simulated and experimental shapes for the strategy DDDU is shown in Fig. 
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 2. A residual cone is present after the second stage and it is still present after the fourth stage. Whereas 
the first three shapes are predicted rather well the simulated shape after the fourth stage is far from the 
experimental one. A possible explanation to this is a too course mesh due to the large increase in 
surface area.     
 
D DD DDD DDDU 
    
  
Fig. 2: Each stage in the strategy DDDU as found in experiments and in simulation. 
5.1. First stage 
The first stage can only be performed by downward tool movement. The cone has a constant 
drawing angle close to 45° and this result in evenly distributed strains, except close to the backing 
plate and the lowest part of the cone where the radius is approaching the tool radius. Assuming plane 
strain the meridional strain can be calculated to εφ = 0.35. This is in good agreement with the plotted 
strain values in the principle strain space, see Fig. 3. 
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Fig. 3: Simulated strains after first stage  
(Z = -10 mm to -60 mm), measured strains, FLC 
from supplier and experimental necking values.  
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Fig. 4: Simulated strain paths for element at  
Z = -10 mm and Z = -60 mm. 
 
The good agreement between simulated and measured strains indicates, that the surface strains are 
most likely principle strains, i.e. the deformation is stretching. If deformation was vertical shear or 
including a large amount of through thickness shear, the surface strains would not be principle strains 
[6,7]. The strain paths are close to being straight, and the serrated strain path reported by Eyckens et 
al. [8] is not observed, see Fig. 4. A linear strain path is one of the conditions, which must be fulfilled 
to adopt the theories for instability proposed by Swift and Hill for isotropic and planar, anisotropic 
material respectively. According to both theories, the limit before necking in plane strain should be ε1 
= n = 0.25 for the material applied in the present investigation. Applying this value for determining the 
level of the FLC, good agreement is obtained compared to experimental values for necking found by 
tensile and bulge tests, and the FLC for same material from material supplier, see Fig. 3. Strains 
determined after the first forming stage in SPIF are much higher and this supports earlier work by the 
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 authors claming that SPIF is limited by fracture only and not by necking [5].       
5.2. Second stage 
As regards the two first stages two tool path combinations are possible, i.e. down-down (DD) and 
down-up (DU). FEM analysis of the strains and strain paths explains the large difference in thickness 
distribution for the two cases, see Fig. 5. The thickness distribution of DU is almost a mirror image of 
that of DD having the highest thickness strain near the bottom, Z = -60 mm, where the angle is low. 
Fig. 6 shows, that the deformation using the DD strategy is close to plane strain, whereas the 
deformation adopting the DU strategy is close to equal biaxial strain. None of the strain paths are 
linear, and they all have an initial amount of compression in the direction of ε1, see Fig. 7. The 
tendency is that ε2 increases as ε1 change a small amount. 
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Fig. 5: Sheet thickness as a function of depth for DD and DU strategy and shapes determined by FE 
simulation with marking of elements at depths of 20 and 60 mm, scale is thickness in mm. 
 
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.0 0.2 0.4 0.6 0.8
DD Num.
DU Num.
DD Exp.
DU Exp.
ε2
ε1
-20
-20
-60
-60
Fig. 6: Measured and calculated strains for 
strategies DD and DU in zone -20 < Z < -60 mm. 
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Fig. 7: Calculated strain paths for elements at Z 
= -20 mm and Z = -60 mm for strategies DD and 
DU. 
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 6. Fracture strains 
Fracture strains are measured for the strategies which could not be completed due to fracture, see 
Table 1. Since no necking occurred, the fracture strains could be measured using the grid technique. 
All fractures occurred in the fourth stage, indicating that all the strategies investigated distribute the 
strains more evenly than by single stage deformation, since the geometry of the third stage could not 
be completed in one stage (strategy #5).  
 
Table 1: Strategies tested and results.  
Strategy 
 
D = down / U = up 
( ) = fracture 
#1  DDD(D) 
#2  DDDU 
#3 DUD(D) 
#4 DUD(U) 
#5 - - (D) - 
 
Fracture strains are compared with two different, theoretical fracture lines. One is the line of constant 
thickness strain, i.e. a slope of -1, which has been shown experimentally to describe the forming limits 
in SPIF rather well. The other is a line with a slope based on ductile damage criterion [5], where the 
slope can be calculated using Equation (4). To determine the position of the two curves, a cone with 
section wise increasing angle was formed until fracture. Assuming plane strain, the principal strains 
may be calculated by volume constancy from the determined angle causing fracture. Based on two 
experiments the fracture angle is estimated to 77.5°, corresponding to ε1 = 1.5 and t = 0.22 mm. Using 
Equation (4) this results in a slope of -1.5. Fig. 8 shows a plot of strain values with and without 
fracture and the two theoretical fracture lines. Strains without fracture are measured as well as 
simulated for the first three stages (DDD and DUD) and measured for the fourth stage of the DDDU 
strategy. All these strains representing no fracture are below both fracture lines. The fracture line 
based on constant thickness strain seems to give a better fit than the fracture line calculated from the 
ductile damage criterion. The points showing poorest fit are from strategy #4. This could indicate that 
fracture strains from an upwards tool path are different from a downwards tool path. In Fig. 9 a 10% 
uncertainty interval is placed around the fracture line based on constant thickness strain. All fracture 
strains are located within this interval, except those from strategy #4, and all strain points without 
fracture are outside. 
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Fig. 8: Experimental strains and fracture lines. 
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Fig. 9: Experimental strain points and fracture 
line for constant thickness strain with a 10% 
uncertainty interval. 
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(4) 
Conclusion 
 
The results show good agreement between measured and simulated strain and strain paths. The 
direction of forming has huge effect on thickness distribution and position of strain points in the 
principle strain space. Tool paths going upwards imply more biaxial strains than downwards tool 
paths. With some uncertainty strains are limited by a fracture line with a slope of -1 indicating that the 
fracture line, on the contrary to the necking line, is not very dependent of strain paths. Strain paths are 
linear in the first stage, and highly non-linear in the following ones. Surface strains match the 
deformation as being stretching. Achieved strains are much higher than experimental values for 
necking in conventional sheet forming tests. Results in general support the theory that SPIF is limited 
by fracture and not necking [5]. 
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